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STATISTICAL SYSTEMS OF PARTICLES IN 
THE EXPANDING UNIVERSE 
By C. GILBERT (Newcastle upon Tyne) 
[Received 26 May 1950; in revised form 10 August 1951] 


1. Introduction 

In Milne’s theory of world structuret there exists a system of fundamental 
particles. Attached to each particle is a privileged observer, and each 
observer describes the whole system in the same way in terms of his own 
coordinates. The system is then said to satisfy the cosmological principle. 
This system of observers and fundamental particles has been called by 
Milne the substratum. Relative to the observers of this system Milne also 
defines a statistical system of particles, described in the same way by each 
of the observers in terms of his own coordinates. An essential feature of 
the theory is that measurements of the coordinates of distant events are 
made by each observer operationally with a clock and theodolite using 
a light-signalling procedure. 

H. P. Robertson{ has shown that the operational method of Milne can 
be used to describe more general kinematic and statistical systems 
satisfying the cosmological principle. He has shown that there exists a 
Riemannian space-time for the system of observers, having an invariant 


quadratic metric 


ds? = dr* — il du’, (1) 


—— 
< 


where du? = hyg da*daP 
is a positive definite 3-space of constant curvature k = +1, 0, or —1.§ 
The world-lines of observers are the geodesics x* = constant, and the 
light paths are the null geodesics of (1); ¢ is a constant which has the 
same value for every observer, and R(r) is an arbitrary function of r. 
The substratum proposed by Milne corresponds to the case when the 
metric (1) has R(r) = cr, k = —1. 
In Milne’s theory the system of fundamental particles is treated as 
being distinct from the statistical system of particles. The latter system 
+ Relativity, Gravitation, and World Structure (Oxford, 1935). 
{t Astrophys. J. 82 (1935), 284; 83 (1936), 187, 257. 


t 
§ Greek suffixes will take the values 1, 2, 3 and Roman suffixes the values 
0, 1, 2, 3: x® will be written for the time coordinate 7, and the summation con- 
vention will apply for a repeated suffix. 
In this case 7 corresponds to Milne’s kinematic time and ¢, defined by 
equation (3), corresponds to Milne’s &#. 
Quart. J. Math. Oxford (2), 3 (1952), 161-70 
3695.2.3 M 
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is superposed on the substratum, but also the substratum can be con- 
sidered free from a statistical system. The problem Milne tried to solve 
was: What is the motion of a free test-particle which is projected in a sub- 
stratum alone? Milne had considerable difficulty in solving this problem, 
and the main arguments by which he deduced the path of a free test- 
particle for a substratum alone depended on (a) the construction of a 
dynamics for the substratum, which approximates to the Newton-— 
Einstein dynamicst and (6b) the deduction of an inverse square law of 
gravitation for an isolated condensation of mass.{ In neither of these 
arguments does it appear that the mass of a fundamental particle is, 
in itself, of real significance. In (a) the substratum is essentially con- 
sidered to be replaced by a continuous distribution of mass having a 
density represented by a continuous function of the coordinates. In (6), 
on the other hand, a microscopic analysis is carried out in which the 
fundamental particles are widely separated and have superposed on them 
a statistical system. In order to get a sensible result from this analysis 
it is necessary to assume that the mass of each fundamental particle is 
negligibly small compared with the mass of the condensation of statistical 
particles which is superposed on it. 

I do not question the correctness of the equations giving the path 
of a free test-particle in Milne’s substratum, in the case when the sub- 
stratum is taken to be a continuous distribution of mass, but in my 
opinion there is no necessity to introduce both the fundamental particles 
and the statistical particles into kinematic theory. Milne’s system of 
observers is defined kinematically, and it is not necessary to assume that 
they are attached to material particles if each observer is only used to 
determine a frame of reference relative to which the universe is described. 
I shall assume that all the material energy of the universe§ is contained 
in the statistical system which is superposed on the system of observers. 
These observers I call the fundamental observers. 

In this paper a kinematic system is defined to be a system of fundamental 
observers, together with a certain statistical system of particles. These 
systems are defined with respect to the metric (1). The paths of the 
particles of the statistical system are given by equations of a particular 
form,|| which are shown to lead to the result that the energy of each 


+ Proc. Royal Soc. A, 154 (1936), 22. 
t Ibid. A, 156 (1936), 62. 
§ The energy of the radiation field is not considered in this paper. 
The procedure is equivalent to setting m = 0, c = 0 in Milne, Kinematic 
Relativity (Oxford, 1948) Ch. IX, so that both the inertial mass and gravitational 
mass of the fundamental particles are zero for a kinematic system. 
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particle always has a constant value. The particles I call the free particles, 
and their paths the free paths of the kinematic system. 

I calculate the material-energy tensor for the kinematic system. This 
tensor has the form of the energy tensor of a perfect fluid, each funda- 
mental observer being at rest relative to the fluid in his immediate 
neighbourhood. I define a kinematic model M of the universe to be the 
limiting case of a kinematic system when the pressure p > 0 and p + 0. 
In the case R(r) = cr, k = —1 the kinematic model M has the properties 
of Milne’s substratum, any free path of M corresponding to the path 
of a free test-particle in Milne’s theory. 

An important property possessed by a kinematic system is that it can 
be transformed, by regraduating the scales of local coordinates, into a 
kinematic system which is defined with respect to a different metric. 
In particular this property holds for the model M. I use the theory of 
regraduation to show that a model of class M(R, 7, k)+ can be transformed 
into a model of class M(R, 7, k) which is defined with respect to the metric 


eee 


ds? = dz — du®, (2) 


—— 
where §, 7 are new measures of proper time and coordinate time respec- 
tively, and R(7) is a function of 7. In§ 6, I use this property of the model 
M to show its relation to certain other cosmological models. 


2. The statistical system 

The metric (1) defines a space-time for the system of fundamental 
observers. These observers have a number density oc R-3(r). Superposed 
on this system of observers there is a statistical system of particles, each 
particle having the same proper mass m. This statistical system is 
described in the same way by each observer in terms of his own co- 
ordinates. 

At an event EF having coordinates 2‘, let 3} be a vector having the 
components (1,0,0,0), which is tangent to the world line of a funda- 
mental observer, and let A’ be a unit vector which is tangent to the 
world-line of a material particle. Then an invariant quantity ¢ is defined 
by C= 9ij A'S}, (3) 
where g;; is the fundamental tensor of the metric (1). 

Also the number of particles dN within an invariant volume d= of 


+ The symbols in parentheses refer to the metric of space-time. R is written 
for the function R(r), 7 is the coordinate time, and k is the curvature of the 


u-space. 
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3-space, corresponding to the range of values 2%, x*+-dzx*, and having 
velocity 4-vectors in the 3-dimensional solid angle dQ, corresponding to 
the range of values A*, A*¥+-dA*, ist 
; t, ¢) 
dN = dXdQ. 4 
ki (7) (4) 

(7, C) is a statistical distribution function which, in general, is a function 
of 7 and ¢, and d&, dQ are given by 


d= = CR! dx'dx*dz', dQ = c{-1 R3ht dA'dr7dd3. (5) 

The equations of motion of the material particles can be shown to have 
the form . dx 

, ee (Jk, YAAK = T(r, £)(8—4A'), (6) 


where {jk,i} are the Christoffel symbols formed with respect to q;;. 
I(r, f) is a function of 7 and { which must satisfy the generalized form 
of the Boltzmann equation 


[e(2—1)"¥] = Se—u (+5 a |. (7) 


This equation is obtained on the assumption that the effect of collisions 
between particles can be neglected. 


>| in) 


3. The kinematic system 
We define a kinematic system to be a system of fundamental observers 
for whom there exists the invariant quadratic metric (1), together with 
a statistical system of particles, whose paths are given by equations (6) 
with 7 1 dR 
a (8) 
In making this choice of we have been guided by the result obtained 
by Milne for his substratum, that the energy of a free particle remains 
constant during its motion. This is proved below for our kinematic 
system, but, as has been explained in the introduction, our fundamental 
observers are without mass, and hence Milne’s problem of deriving the 
equations of motion of a free particle in the presence of the fundamental 
particles alone does not arise. 
Using (8) we find that — (6) can then be written in the form 
C=K, ate z)+ {By, gue .. 0, (9) 
dr dr dr 


+t Equations (4), (5), (6), and (7) below, correspond to the equations (7.3), (7.2), 
(4.4), and (7.9) respectively, in Robertson’s papers (loc. cit. 1936) with some 
slight changes in form. 
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where K is an arbitrary constant, and {fy, a} are the Christoffel symbols 
formed with respect to h,g. The particles forming the statistical system 
we call the free particles and their paths the free paths of the kinematic 
system. The equations of the light paths, or null geodesics of V,, are also 
included in the form (9) in the case K = oo. 

From equations (7) and (8) we find that 


V7, 0) = o(2), (10) 


for a kinematic system, where y(f) is an arbitrary function of ¢. 

Through an event F of V, there passes the world-line of one fundamental 
observer, and we shall find it convenient to describe the infinitesimal 
neighbourhood of £ in terms of a local coordinate system which is defined 
relative to that observer in the following manner. In terms of local 
coordinates dX‘, space-time has the metric 


ds? = §,,dX dX), (11) 
where the components of 6;; have the Galilean values 
4, = I, San = —1/Cc?, 8.8 =9 (a #8). 


The event EZ has coordinates dX‘ = 0, and events on the world-line of 
the fundamental observer have dX* = 0. These local coordinates are 
related to the coordinates x' by equations of the form 





dX* = Af (x) da’, (12) 
where the A$” are four covariant tensors (i = 0, 1, 2, 3) which are in 
general functions of x‘ such that |A{| ~ 0. From the way in which the 
local coordinates have been defined we have 

(i) 4G) ‘ 

8: A} ay = Jim (13) 

(0) __ _ ee OOP tues 
A® = I, AS = AS = 0. (14) 


Since the light paths are null curves of (1), they will also be null curves 
of (11) and therefore c is the velocity of light in local coordinates. Corre- 
sponding to a vector A‘ which is tangent to a free path at #, we have a 
unit tangent vector A‘ in local coordinates given by A‘ = Af’. The 
momentum vector associated with the particle is mcA‘, and according to 
the special theory of relativity the energy & of the particle relative to 
the fundamental observer is 

& = me%,; A‘). 
From (3) and (14) we then find & = mc?¢ and therefore: 


The energy of a free particle is given by the invariant mcf which is 


constant along a free path. 
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4. The material-energy tensor for the kinematic system 

The proper number density of particles at an event HZ whose world- 
lines have unit tangent vectors in the range A*, A*+-dA* is dN /d=. Hence 
from (4), (5), and (10), the material-energy tensor for the substratum is 


= i {5 ( VS) ys dQ = mc If {ve CANE dA dd7dd3, 

(15) 
where it is assumed that each particle has the same proper mass m. 
These integrals can be evaluated by introducing normal coordinates for 
the 3-space du?. Writing R*h,.g A*\Pc-2 = 22, we have ( = J(1+2?), and 
#%(C) = x(z), where y(z) is a function of z only. We thus find the following 
non-vanishing components of 7", 

a? = Ale, TB — — Bgr8/ R3, 


where . » 
A = = Am | xi z)(1+-2?)#2? dz, = jam | x(z -tz4 dz. (16) 

0 
Hence Ti = (p+ p/c?)8) 8) — p/c? gt, (17) 
where p= Al®, plc? = gi (18) 


Since 5) is the proper vector of the observer at EL, we see from the form 
of (17) that 7 is the energy-tensor of a perfect fluid of proper density p 
and pressure p referred to proper coordinates. 

It is usual to assume in constructing models of the universe that the 
pressure of matter is either zero, or extremely small. From the integrals 
for A and B given in (16) we can show, by choosing a suitable form for 
x(z), that p can be made less than any assignable quantity however small, 
whilst p ~ 0.T 

In the limit p > 0, p # 0 I shall say that we have a kinematic model 
of the universe of class M(R,7,k). In this limiting case ¥(¢) > 0 for all f 
except ¢ = 1, and the free particles therefore coincide with the funda- 
mental observers. The free paths of a kinematic system given by (9) are 
independent of the statistical distribution function, and in this limiting 
case can be considered to be the paths of free particles whose number 
density is so small that they have a negligible effect on the model M. 
The concept of a free path in this case is the same as the concept of a “free 
test particle’ in Milne’s theory, and also in the general theory of relativity. 


+ We can take, for example, y(z) = a-'bz—*(1+2*)texp(—z/a), where a and b 
are constants. Then we find A = 427mb(1+ 2a?), B = 8mma’*b, from which the 
result follows on taking a indefinitely small, and mb + 0. 








ON THE EXPANDING UNIVERSE 167 
5. Regraduation of scales 


A regraduation consists of a change of the scales of the local coordinates 
of the form vi rj ‘ 

dX*t = e%™™ dXi, (19) 

where o(r) is a function of 7 only. This change of the scales is made at 

each event of V,, the coordinates 2‘ remaining unchanged. At each event 

E we have a new local space-time having the metric 

-9 TiIV; P 

ds* = §,,dX'dX’, (20) 


and from (12), (13), (19), and (20) we find that V, is transformed into a 


conformal space-time V, having the metric 
ds? = e209; dx'dx’. (21) 
By making a transformation of the time coordinate 
dz = e) dr, (22) 
the metric of V, can be written in the alternative form (2) where 
R(z) = e% R(z). (23) 


A regraduation in the sense defined above is in agreement as a special 
case with the definition of a regraduation given by A. G. Walker.+ 

I shall now prove the theorem that: 

Any model of class M(R,7,k) can be transformed into a model of class 
M(R,7,k) by a regraduation and a transformation of the time coordinate. 
[ shall say that M and M are equivalent models. Since k is unchanged by 
the regraduation, we can assume that the space coordinates 2* are also 
unchanged. The world-lines of fundamental observers will then be given 
by «* = constant, both before and after the transformation. 

Let quantities Z, \', b(2), dN, dd, dQ, T, p, p be defined in V,, having 
the metric (2), in the same way as the corresponding quantities have 
been defined in V,. Then for corresponding events in V, and V, we find, 
by the use of (21) and (22), that 


y 


= {, AX = e- O17), dd = 30 dd, dQ = dQ. (24) 


u™I 


From (22), (23), and the first of equations (24) we find that equations 
(9) transform into 


F 1 [ = da* =; dak dav 
=K, —(R=)+({6y, 3 = =0. 25 
es al is) UY” wy 
The light paths and the free paths of M therefore transform into the 
light paths and free paths respectively of M. 


+ Proc. Roy. Soc. Edinburgh (1946), 164. 
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The same physical system will be described in V, as in V,, if dN = dN. 
Using (24) we thus find that 
(L) = Wo) 
and then, from (15) and the corresponding equations for V,, we find 
00 _. g—30(7) 100. PoB — e—dso(r)/Pap 


It follows that a model M having p = A/R*(r), p = 0 will transform into 
a model M having p = A/R3(7), p = 0, where A is defined by the first of 
equations (16). For any functions R(r), R(7) a regraduation defined by 
o(r) can be determined from equations (22) and (23), and hence the 
theorem stated above is proved. 


6. Equivalence of the kinematic models to other cosmological 
models 
(a) The Lemaitre models. The energy tensor 7’ for these models 
must satisfy Einstein’s field equations. When the V, has the metric 
(1), the density p and pressure p of matter satisfy the equationst 


Kp = sr+|() +eR| —A, (26) 
dr 
2 2 
apict = —~B-op SAY sce) sa, (27) 
dr? dr 


where « is Einstein’s constant, and A is the cosmical constant. 
Setting p = A/R%(r), p = 0, which are the values for the model MV, 
we find from (26) and (27) that R(r) and k must satisfy the equation 
2 R? Ta 28 | (7) +e] +64 = 0. (28) 


dr” dr 
A first integral of this equation gives (26), where A is the constant of 
integration. 

It has been pointed out by Walker{ that, when the conservation 
equations 7) = 0 are based on the Principle of Equivalence, the path 
of a free test-particle is not necessarily a geodesic of space-time. We 
shall assume that these paths for the Lemaitre models are given by 
equations (9) for the free paths of the model M. Equation (28) then 
determines Lemaitre models having the same properties as the kinematic 
models. From the theory of regraduation we then have the result that: 


The kinematic models of class M(R,7,k) are equivalent to the Lemaitre 
models of pressure p = 0. 


+ H. P. Robertson, Rev. Mod. Phys. 5 (1933), 62. 
t Loe. cit. (1946). 
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(b) Milne’s substratum. It has been shown by Robertsont and 
Walkert that there exists a V, for the system of observers of Milne’s 


system, having the metric (1) with R(r) = cr, k = —1. The density of 
fundamental particles is proportional to 7~* and the path of a free test 
particle is given by equations (9) with ! = —7~-!. The motion of the 


system of fundamental particles is of a hydrodynamic character for 
which the pressure of matter is taken to be zero. These properties of 
Milne’s substratum are also the properties of our model M with R(r) = cr, 
k = —1, provided that we identify the path of a free test particle in 
Milne’s system with a free path of the model M. From the theory of 
regraduation we then have the result that: 

The kinematic models of class M(R,r,—1) are equivalent to Milne’s 
substratum. 

From the results of section (a) above we can find Lemaitre models 
which are equivalent to Milne’s substratum. For this purpose we shall 
suppose that the Lemaitre models are defined with respect to the metric 
(2) and we consider the case for which the cosmical constant A = 0. 
From the equation similar to (28) for the metric (2), we find on setting 


k 1, A = 0 that dR — ' 
——== /(c?+——], (29) 
az = of (*+3a) 


where the positive sign is chosen to give the solution for an expanding 
universe. From equations (22) and (23) we have, when R(r) = cr, 


dt _ dr (30) 
R CT 
Then from (29) and (30) we easily find 
= = 
R(#) aie condi (r To) ‘ (31) 
1279c* T 
7—7, = _A (r— 27, log r—727-*), (32) 


a 
127)¢ 


where 79, 7) are constants of integration. 

In the limiting case 7, > 0, A > 0, Ato! > 1, 7) = 0, we find from 
(31) and (32) that R(+) = cz, and the metric of the Lemaitre model is 
the same as that of Milne’s substratum. Milne’s system is therefore 
included amongst the Lemaitre models when the density tends to zero 
and the cosmical constant A= 0. This result was first obtained by 


+ Loe. cit. (1935). t Proc. London Math. Soc. 42 (1936), 90.- 
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Kermack and McCrea.+ Also from (31) and (32), we have the more 
general result, that models equivalent to Milne’s system are included 
amongst the Lemaitre models for any value of A. 

(c) Dirac’s model. We next consider the kinematic models M and M 
defined with respect to the metrics (1) and (2) and having the properties 


R(r) =cr?, k=0, p=Aler, p= 0, (33) 

R(7) = c(27)?, k= 0, p= A/4c37?2, p=, (34) 
respectively. From (22) and (23) we find that M can be transformed 
into M by taking 


o(r) = logr, 7 = },*. (35) 
The equations (33) also give the properties of the model determined by 
Diract from considerations based on the occurrence in nature of certain 
large dimensionless numbers of the order of 10%®. Dirac finds for this 
model that the ratio y of the gravitational force to the electric force 
between an electron and a proton varies inversely as 7. When 
x = 16c3/3A, 

the equations (34) give the properties of a Lemaitre model, which was 
also found by Dirac by changing the units of time and distance measure- 
ments so that the ratio y has a value 7 which is independent of the epoch. 
This transformation used by Dirac is similar to the transformation of 
local coordinates given by (19) and (35). Dirac’s model can therefore be 
transformed into a Lemaitre model by regraduating the local coordinates, 
and also more generally: ; 


The kinematic models M(R,7,0) are equivalent to Dirac’s model. 


7. Summary 

A ‘kinematic system’ is defined for the general s;,ace-time of relativistic 
cosmology. It consists of a system of fundamental observers together 
with a statistical system of material particles. In the limiting case when 
the pressure of matter is negligibly small the kinematic system determines 
a class of kinematic models of the universe. Included in this class of 
models are the Lemaitre models of zero pressure, Milne’s substratum, 
and Dirac’s model. Certain kinematic models can be transformed into 
other models by regraduating the local coordinates. In particular it is 
shown that Milne’s substratum and Dirac’s model can be transformed 
into Lemaitre models. 


t M.N.R.A.S. 93 (1933), 519. 
t Proc. Royal Soc. A, 165 (1938) 199. 
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CONNECTIVITY THEOREMS FOR GRAPHS 
By G. A. DIRAC (London) 


[Received 1 June 1951] 


By ‘graph’ we mean in this paper a set ./” whose members are called the 
nodes together with a set & of unordered pairs of unequal members of 4” 
called the edges. Two disjoint sets of nodes of a graph are said to be 
separated if there is no way leading from a node of one of the sets to a 
node of the other. The following very general theorem is contained in 
a paper by Menger (1). 

Let S, and S, be two non-empty disjoint sets of nodes of a graph which 
are not separated. If S, and S, cannot be separated either by deleting from 
the graph any d—1 nodes which do not belong to S, or to S,, or by deleting 


from the graph any d—1 edges, then the graph contains at least d ways 


having the following properties: 
(i) each way connects a node of S, and a node of S, and no way has an 
intermediate node in common with S, or with S,; 

(ii) no two ways have an intermediate node in common. 

A short proof has been given by Hajés (2) and an account will be found 
in Kénig (3). This paper contains three extensions of Menger’s theorem 
in the case d = 2; it will also be shown that it is not possible to make 
analogous extensions for d > 3. 

A way having the property (i) will be called an S, S,-way. If a node 
or an edge is such that all S, S,-ways contain it, then it will be said to 
separate S, and S,. In this terminology Menger’s theorem for the case 
d = 2 states that: 

If S, and S, are two non-empty disjoint sets of nodes of a graph T which 
are not separated by a node or an edge, then T contains two S, S,-ways which 
have no intermediate node in common (4). An extension of this is con- 


. 


tained in the following: 

THEOREM 1. Jf x and y are two nodes of a graph which are not separated 
by a node or an edge, and if W is any given way connecting x and y, then 
the graph contains two xy-ways such that 

(i) they have no intermediate node in common; 

(ii) as we go along each of them from x to y, the nodes of W occur in the 

same order as they do on W as we go from x to y. 

It is convenient to introduce the following notation: If VY is a way 

which contains the nodes g and h, the portion of V connecting g and h 


Quart. J. Math. Oxford (2), 3 (1952), 171-4 





172 G. A. DIRAC 


will be denoted by ¥(g,h). If g = h, then Wg, h) is simply the node g. 
If the ways ¥’ and ¥” have one end node in common but are otherwise 
disjoint, then the way which consists of W’ and ¥” together will be 
denoted by ¥’+¥”". 

To prove the theorem I use induction on the length of the given way W. 
The theorem is clearly true for a pair of nodes for which the given way 
consists of one edge. We assume that the theorem is true for any pair 
of nodes if the length of the given way between them does not exceed n 
and we deduce that it is true for any pair of nodes if the length of the 
given way between them is n+ 1. 

Let a, and a,,,, be a pair of nodes joined by a way W whose nodes in 
order are Gp, @y, g,..., A,,, (n > 1). By hypothesis a, and a, are con- 
nected by two ways W, and W, having the properties (i) they have no 
node other than a, and a, in common, (ii) as we go along each of them 
from a, to a, the nodes of W(a,,a,,) occur in the same order as they do 
if we go along W from a, toa,. (One of them may, of course, be W (ao, a,,) 
itself.) We may suppose that neither W, nor W, goes through a,,,,: 
otherwise there is nothing to prove. Nowa, does not separate a, and 
@,,.1, 80 there is a way connecting a, and a, ,, which does not go through 
a,. This way has a part which connects one of the nodes dp, @),..., @,—4 
(a,, say) with a, ,,, and has no other nodes from among dp, 4j,..., @,—4- 
We denote this part by W;; it is possible that W coincides with a part of 
W, or W,. Let a, (0 < p <m) be the node with greatest suffix not ex- 
ceeding m among dp, @y,..., @,_, Which belongs to W, or to W,, and suppose 
(without loss of generality) that it belongs to W,; then W, has no node 
in common with W(a,,,a,,). The nodes ay and a, ,, are therefore con- 
nected by the two ways 

W,(a,4,)+W(a,,4,,)+W and W+W(a,,a,,1), 
and these ways satisfy the requirements of the theorem, which is there- 
fore proved. 

From Theorem | we can immediately deduce the 

CoROLLaRY. If x is joined to a node z of W, then the graph contains two 
ways connecting x and y such that they have the properties (i) and (ii) and 
one of them goes through z. 

It is easy to see that the theorem remains true if instead of the two 
nodes x and y we have two disjoint sets of nodes S, and S, and W is any 
S, S,-way. The analogous extension of Theorem 1 ford > 3 would be the 
following: If x and y are two nodes of a graph [' which are connected by 
a way W, and which cannot be separated either by deleting from the 
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graph any d—1 (d > 3) nodes, or by deleting from the graph any d—1 
edges, then the graph contains d x2y-ways such that (i) no two have an 
intermediate node in common, (ii) as we go along each of them from x 
to y, the nodes of W occur in the same order as they do on W when we 
go from x toy. However, this is not true, not even ford = 3. Anexample 
is shown in Fig. 1, the edges of W being marked thick. 








Fic. 1. 


A node which separates two nodes will be called a cut node. The second 
extension of Menger’s theorem is then as follows: 

THEOREM 2. If S, and S, are two non-empty disjoint sets of nodes of a 
graph V which are not separated by a node or an edge, and if S, and S, each 
contain at least two nodes and no cut node, then the graph contains two 
S, S,-ways which have neither an intermediate nor an end node in common. 

By Theorem 1, I contains two S, S,-ways, W, and W, having no inter- 
mediate node in common. If they have no end node in common, there is 
nothing to prove; so we suppose that they have one or both end nodes 


in common. 


Case 1. W, and W, have both end nodes in common 

Let the two end nodes be a, and ag, a, being in S, and a, in S,. Since 
a, is not a cut node, there is a way W connecting a, with a node b, (+ a) 
of S, which has no intermediate node in common with S,. Going along W” 
from a, to 6,, let c¢ be the last intersection of W with.W, and W,, and 
suppose that c belongs to W,. Then I contains W, and the way 

W,(a,,c)+ W (c, b,); 

these ways have only a, in common. If c + ag, there is the possibility 
that W passes through another node of S, besides ay; in this case there is 
a node a, (~a,) belonging to S, such that W, and W(aj, b,) satisfy the 
requirements of the theorem. In all other cases the two ways W, and 
W,(a,,c)+W (c,b,) are S,S,-ways and have only a, in common; this 
situation is equivalent to: 


Case 2. W, and W, have only the end node a, in common 
Let the end nodes of W, and W, in S, be a, and b, respectively. Since 
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a, is not a cut node, I contains an S, S,-way V connecting a node c, of S, 
with a node c, of S,, where c, ~ a, but possibly c, = a, orc, = b,. LW 
has no node in common with one of the ways W, or Wy, then YW and the 
other one together satisfy the requirements of the theorem. If W has a 
node in common with each of the ways W, and W,, suppose d to be the last 
intersection of Y with W, and W, as we go along Y from c, to c,, and 
suppose that d belongs to W,. Then the two ways W, and W,(a,,d)+-¥ (d, c,) 
satisfy the requirements of the theorem. This completes the proof. 

This result cannot be extended to the cases d > 3. The graph illus- 
trated is such that any two nodes can be deleted and it remains con- 
nected, and S, and S, each contain not less than three nodes, but the 
graph does not contain three ways connecting a node of S, with a node 
of S, no two of which have a node in common. 
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Finally it is easy to see that Theorems | and 2 give the following 


THEOREM 3. If S, and 8S, are two disjoint non-empty sets of nodes of a 
graph which are not separated by a node or an edge and each contain at least 
two nodes and no cut node, and if W is any given S, S,-way, then the graph 
contains two completely disjoint S, S.-ways such that as we go along each of 
them from the end in S, to the end in S,, the nodes of W, if they occur at all, 
occur in the same order as they do on W as we go from the end in S, to the 
end in Sy. 
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SELF-ADJOINT DIFFERENTIAL SYSTEMS 
By K. 8. MILLER (New York) 
[Received 8 August 1951] 


1. Introduction 

D. JACKSON (1) has given a criterion that an ordinary linear differential 
system be self-adjoint. These conditions were later written in a more 
explicit, though less symmetric, form by V. V. Latshaw (2). It is my 
purpose in this paper to obtain a new criterion which does not make 
use of the Lagrange bilinear concomitant, but rather is based on a con- 
sideration of the Green’s function of the system. While in some respects 
it is less explicit than the results of Jackson, it is more convenient to 
apply in certain circumstances. 

[ shall suppose that we have the linear differential system 


Lu = po(x)uM+ p,(x)u"-Y +... +p, (x)u (1) 
U(u) Vi(u)t+Z,(u) (a = 1,2,..., n) 
Z n—1 ? n—1 : 
with V(u) > A,, ua), Z(u) = > B,, wu), 
i=0 i=0 
where the coefficients p,(x) are of class C”"-* (i = 0,1, 2,...,) in the 


closed finite interval (a,b) and p,(x) > 0 in (a,b). Furthermore I shall 
suppose that the completely homogeneous system 


Lu = 0, U(u)=90 (a = I,2....,%) (2) 


is incompatible. 

The condition that I shall obtain for self-adjointness of the differen- 
tial system (1) will be that a certain matrix be symmetric or skew- 
symmetric. In order to facilitate the discussion, I shall introduce the 


following notation: F = || f(i,j)|| is to be an nxn matrix with the 
element f(7,j) in the ith row and jth column; F’ = || f(j,7)|| will denote 


the transpose of F; |F'| will be the determinant of F. If 


{b1(x), bo(x),..-, $,(a)} 


are n linearly independent solutions of Lu = 0, I shall write 


U,($g) = Valbg)+ Za(dg) 


Quart. J. Math. Oxford (2), 3 (1952), 175-8 
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as U,g = Vig+Zyg (a, B = 1,2....,m) and shall define A,(¢g) as 
Viibg)—Zaldg), 
i.e. Ap = Vap—Zap (a, B = Be aoe (3) 
I now define the following matrices: 
D = ||Uyg\|, A= ||Aggl], V=|lVagll 2= |lZagll- (4) 


2. The Green’s function 
The Green’s function G(x,f) for the system (2) can now be written 
[(3) 189] as 
g(x,f) p(t) ~ « «  (2) 
rite Tye a 


G(x, fl) = v7 rE (5) 
| U,(9) Ona . . - | ae 
where, by (3) 75, 
| dle) gale)». byl) | 
Cay | 2 FE Hal) 


M2. 0)= | pwiH| %) G...+. €@\. © 
py?) APL). es h(E) 

Here W(f) is the Wronskian of {¢,(f), ¢,(f),..., %,(¢)} and o = +4 if 
x< Cand —tifa>. 

A necessary and sufficient condition [(5) 256] that the system (1) be 
self-adjoint is that G(x,¢) = (—1)"G(¢,x). I shall proceed to apply this 
criterion. First I prove a lemma. 

LemMA. Hypothesis: Let the differential operator L be formally self- 
adjoint: that is, L = (—1)"L+ where L+ is the Lagrange adjoint of L. Let 
{b1(x), bo(x),...,6,(x)} be n linearly independent solutions of Lu = 0 


with Wronskian W(x), and let {fF (x), 3(x),..., *(a)} be the adjoint system 
of solutions of L*u=0. Let C = |\\c;;|| be the matrix which takes the 
$3 (x) into the ¢,(x): that is |\PF(ax)|| = |\e;;||.|\bj(x)||, where |\P¥|| and 


'|;|| are column vectors. 


Conclusion: C = (—1)"+10", i.e. C is symmetric (skew-symmetric) 
if L is a differential operator of odd (even) order. 


Proof. If we expand g(x, ¢) by minors of the first row, we obtain 


glx.) = —0 ¥ delet), (7) 
i C . 
where wf) = ral) agin-n!B W(C). (8) 





en 
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But ¢}(x) = w,(x) by (4) 102. Hence (7) can be written 
n 
g(x,t) = —0 ¥ d(x)#F(2). (9) 
fa 
Since L = (—1)"L+, the ¢¥(x) are solutions of Lu = 0. Hence the ¢* 
n 
are linear combinations of the ¢; and ¢7(x) = > ¢,;4,(x) (i = 1, 2,..., m) 
j=1 
with non-singular matrix C = ||c;;||._ Again, since L = (—1)"L+, we 


conclude that g(x, f) = (—1)"g(¢, x) since g(x, £) depends only on L and 
not on the boundary conditions U,(w). Hence it follows from (9) that 


n n 


> Deu dite) = (—It FY eqedi(Cbule). 


t=1 7 


1.e. C;; = (—1)"*"c; 


ij y 


3. The main theorem 
THEOREM. A necessary and sufficient condition that the differential 
system (1) be self-adjoint is that ACD’ be symmetric (skew-symmetric) if 
L is a formally self-adjoint differential operator of even (odd) order. 
Proof. In (5), 


n 


U9) =X as Hy(6) (x = 1,2,...m), (10) 
Bj 
where a; = —4 s Aut (a,j = 1,2,..., 2). (11) 
i=1 


I shall denote the function of ¢ in (10) by #,(Z). 
Since G(x, f) = (—1)"G(¢,x) is necessary and sufficient that (1) be 
self-adjoint, we must have 


g(x.) p(t) . ~ « a(x)! 
b,(C) Ui, ak Uin 
| wb, (f) Ua. <a | 
g(f,v) (0) . - «dn, 
(--1)" ib, (x) Uy . . * Ui», 


| p,(x) On . ° . 1 


Noting that g(x,¢) = (—1)"g(¢,x) since L = (—1)"Z+ and letting u,g 
be the cofactor (signed minor) of U,g in the matrix D = ||U,g||, we 
3695.2.3 N 
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find, on expanding the above determinants by minors of the first row, 
that 
2 al 2, tastes] P0200) = 2% [(—O" Zap tas} ple )44(0) 
i.e. >) Ay; Ugg = 5 (—1)"ayg Uj (8, 7 = 1, 2,...,). In matrix notation, 
a=1 a=1 
the above equations become 
A’U = (—1)"U’A, (12) 

where U = ||u,g|| and A = | |a,¢||. 

From the definition of U we see that DU’ = UD’ = |D\I, where 


I = ||8,;|| is the unit matrix. Also from (11) we deduce A = —}AC, 
Utilizing these results in (12) yields 
ACD’ = (—1)"DC’A’ = (—1)"(ACD’)’, (13) 


from which the theorem follows. 


Example: n = 2. We know [(5) 216] that for a second-order linear 
differential system to be self-adjoint it is necessary and sufficient that 


V| = |Z|. Written in expanded form this becomes 
Oy Noo Ayy Ung = Uy Ag3 + Un, Ajo. 
The theorem says that 
ACD’ = Ay Ate |. Cn C2 | | Uy, Uy, || 
May Age || || Cor Cae | "| | Uy, Ue || 
should be symmetric. With the aid of (8) we find that C = a | : s i 
po I 
where a is a non-zero constant, and readily verify that ACD’ = (ACD’)’ 
implies U,,; Agg+Aj, Uz, = Ug Ag, + Us; Ayo. [In general C can be reduced 
to the form C = a||(—1)'+78,,4,-;|| (4.9 = 1,2,....2), where a is a 
non-zero constant, by a suitable choice of the fundamental system 


{,(x), bo(X),.-.;n(x)}. See (4) 114.] 
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TWO IDENTITIES DUE TO RAMANUJAN 
By H. F. SANDHAM (Dublin) 


[Received 25 October 1950] 


1. WRITING, as usual, 
Jo = (1—@)(1—q*)(1—9®).--5 a = (1+?) +@*)(1+9")..., 
qo = (1+q)(1+¢)(1+9°).. 3 = (1—g)(1—@*)(1—9)...; 
and writing for convenience 
Qo. G1; Ve, Os 
for the same expressions when q is replaced by q°, I prove the identities(1)+ 
q8q3/q3 = 1q™8— 2928+ 4q#8—5q>8+ 
+7q7"8— 8483+ 10g1/8— 11q1¥*8-+..., 
qul24g3 g3 = 1124 5q5"!244 7q77/24— 1 1qit*24 + 
aA. 13q13*/24 1 7q17*/24 + 19q19*/24 _ 23q23*/24 + = 


From these I deduce two series of partitions 


- p(n) _ log( V2+1) 
>. Seoah Foy|24 4n—1)+1 N83 . 


D3 ae ce 


2cosh $7,/(24n—1)—1 2 63 








2. The identities are proved as follows. Writing 
. | q 3 q ~ nN? Nn 
fla) = qoll+ax)(1 + Y(1+a'2)(1+")... = ¥ ge”, 


we see at once that we can write 

f?(wx)—f3(w?x) = A(x—1/x)+ B(a?—1/2?)+0+D(24—1/zx*)+..., 
where w = exp $71. 
From the functional relation 


f(q?x) = f(x)/qx 


we see that 
f(Gwx)—f3(ux) = {f3(wx)—f3(w*x)}/q325, 


+ The writer discovered these identities while studying different ways of 
writing the modular equation of order 3, but later found they had been stated 
by Ramanujan. 
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whence B, D, E, G.,... are determined in terms of A, and we find 


f?(wa)—f?(w*x) 


2) 
=A y 3 q3n* +2n(g3n+1_ ] /ar8n+1) — g3n*+dn+1(y3n+2__ 1 /a3n+2), 


Letting x = —q we determine A, and thus derive 


f?(wx)—f3(w%x) = Sivaq QV >) qin? +2 (g3n+1_ ] /y3nt+1) 


0 
pees qin’ +in+1 (zn +2__ 1 /a3"+2), 


Divide across by x—1/z and let x > 1; on the right-hand side we have 
». Or 
3iV3q v0 > gn +2n(3n +4 1j— gr +4n+1/ 3n+2 2), 
40 


which it is convenient to write 


Qx 
6ig?s *° > qn sin nz. 
Yo 


1 
On the left-hand side there is 
3( _ 2 
f?(wax)—f3(wx) = lim 


x—l1/z > 


‘6 Q: Pe q’’nsin 3nz. 


f(wx)—f(w*e) . 2 3 
x—I1/x "ga 





lim 
z—1 


x io #) 
} 3 q”’?n sin 3n7 > q” nsin §n7 


Hence é — . 
1/3,,3/,,2 3/2 
q*q5/93 9%5/ Os 


Replacing q by q°, q°, q?’,... now yields the first identity. 





Since 0 = >9" 
therefore JoV +3 = 240(9")93(7")- 
Hence, changing the sign of q¢ in the first identity and adding, we deduce 


the second identity. 
3. To establish the first series of partitions, we integrate termwise the 


first identity, and find 
aNv3 


1 i. 2 . 
a +19 %0 . 25 a > 0). 
| . qq ‘ 2 n?+3a2 2cosh(27a/V3)+1 wieilies 





0 
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x 





Now p p(n)q?” = 1/q>. 
) 
1 F 
4 9e Ug o X p(n) 
Hence [ quaZo =73> ‘ 
— 7 ‘ qq ys - 2 cosh 477,/(24n—1)+1 
0 
A formula of Jacobi’s (2) 
oe 3 qrtie 
q: 05 1 = ] fp gentt’ 


which tells us the number of ways a number is the sum of two triangular 
numbers, may be written 


q2 =. gntil4 g3nt9/4 
oe Fy ee) 
Gq < ~— 


1 
Fr 3 ¥ p(n) nae S (1) [( qrtia i a 
0 


= 2 cosh 47,/(24n—1)+1 l+qi"t+l 1+ qi"+3} g 








— (—1)" q dq . Sr hs q dq 

2 n+4 | l+q q we n+? J 1+q* q 
7 log(v2+-1). 

Similarly we establish the second series: 

1 


1q 4v3 


' d 
241/243 75 

q* 6 = ’ 
| q 2 cosh 27av3—1 





ty 


0 


1 
3% p(n) a 
4nV3 a 
me >, Zeosh Fry(@4n-+2a®—1)—1 = [a 16 %5 


0 
This time, applying Jacobi’s formula (2) 


i = qantt 
%%2 = 1+4 Pa (5) ]—genti 
0 
telling us the number of ways a number is the sum of two squares, we 
write this 


4av3 p(n) 





: + 44v3 
2 cosh 427,/(24a2—1)—1 © ie 2308 m/(24n-+ 2402—1)—1 
\ ; ‘ 


1 
: = gent dq 
= ——4 —1)" a ae 
a2 >| ) | o 1+-q2n+1 q 
0 
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Letting « > 0, this becomes 





4 2 . p(n) fee 
sil >, Teoah Fe [24a —1)=1 


whence the second series is established. 


1 
2m 4g Sle" fg a 
Pde | ST: : 
v3 2, nF fi It+qq’ 
0 
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Qq 
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A THEOREM ON SEQUENCES OF CONVEX SETS 
By R. RADO (London) 
[Received 25 August 1951] 


1. This note is concerned with a joint application of two remarkable 
general theorems due to F. P. Ramsey [(1), Theorem A] and E. Helly 
(2) respectively. The theorems are: 


RAMSEY’S THEOREM. Suppose that all sets of r positive integers are 
divided into a finite number of classes. Then there exists an infinite set M 
of positive integers such that all sets of r numbers of M belong to the same 


class. 


HEwiy’s THEOREM. Let 7,, T),..., Ty be convex sets of points in euclidean 
n-dimensional space (N >n-+-2). Suppose that any n-+-1 of the sets T, 
have a point in common. Then all N sets T, have a point in common. 


The result (Theorem 1) is a proposition which states that any arbitrary 
sequence of convex sets in a euclidean n-space contains a sub-sequence 
which behaves in an extremely uniform way as far as emptiness or non- 
emptiness of intersections of members of the sub-sequence is concerned. 
Either there exists a number k (0 < k < n) such that all such inter- 
sections of k members are non-empty and all intersections of k+-1 
members are empty, or else all intersections of any finite number of 
such members are non-empty. 

Theorem 2 is obtained from Theorem | by a familiar type of finitiza- 
tion in which infinite sequences are replaced by finite systems. Finally, 
Theorem 3 states the existence of sequences of closed, convex, and 
uniformly bounded sets of a very simple kind which exhibit the inter- 
section behaviour described in Theorem 1, corresponding to any given 
number k in the range 0 < k < n. 

2. THEOREM 1. Let S,, S,, So,... be a sequence of convex sets of points in 
n-dimensional euclidean space. Then there is an increasing sequence 
of positive integers a, a,... such that the sets T, = S,, have the following 
property. Hither (i) there is an integer k in the range 0 < k < n such thatt 

is Fay + ee HO ye ee eT 


2°t* + pe ; pitt? pe + preys 


+ If k = 0 then the assertion means that all T, are empty. 


Quart. J. Math. Oxford (2), 3 (1952), 183-6 








184 R. RADO 


if 1 < py < pe < ... < ppas, or (ii) T, 7... Ty #0 for all N > 0. If, in 
addition, each set S, is closed, then, in case (ii), either none of the sets 
T, T,... Ty is bounded (N > 0), or T, T, Ty... 4 9. 


THEOREM 2. Given positive integers n and N, there exists a positive 
integer f = f(n, N) which has the following property. Given any f convex 
sets of points S,, S,,..., S, in n-dimensional euclidean space, there are N 
integers x, satisfying 1 < a, <a, <... << ay <f, such that, if T, = 8,,, 
either (i) there is an integer k in the range 0 < k < n satisfying 

Ty, Tp, ++Ty, AO for 1 py <pe<.. < pec NF 
Ty ++ TM, To .. = 9 for 1 py < pe< ee < pris SN, 
or (ii) T, T,...Ty 4 90. 

THEOREM 3. Given integers k and n (1 < k < n), there exists a sequence 
of uniformly bounded, closed, convex polyhedra S,, Sy,... in n-dimensional 
~~ space such that, if 1 < py < po <... < pxy, the intersection 
..S,, has interior points, and S,, ...S, s = 0. Hach 8S, has at 


S,,! Soa Pk ~ Pk+1 


most on+ 3 faces. 


3. Proof of Theorem 1. Suppose that the sets S, satisfy the hypo- 
thesis of Theorem 1. Define a distribution A of all sets of n+-1 positive 
integers as follows. Two such sets, A and B, belong to the same class 
of A if and only if 


A = {@,,..:;Gasa}, B = f,,...;0,523); 
la, < Gy < ... < Agar, 4a 4a, < .~. <Gia, 


and the following condition holds. The set of all sets 


{«,A,..., 4} C {I, 2,...,.2+]} 
such that S,,S,,...S,,, = 0 is identical with the set of all sets 
{«,A,...,u} C {1, 2,...,.n+]} 
such that S,,S,,...S), = 0. The number of classes of A is finite. By 
Ramsey’s theorem there is an increasing sequence a, %»,... such that all 
Bets {0),, dp.--+%,..$ (1 < py < po < .. < Pn4z) belong to the same 


class of A. Put T, = ¥,,. 


Case 1. Suppose that 7; 7, ...7),,, = 0. Then there is a least number 
k such that 0 << k <n, 7,7... 7,4, = 0. Now let 


1 < py < po < oe < Pea 


+ This line is omitted if k = 0. 
t If k = 0, then in what follows all statements about products of k sets have 
to be omitted. 
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Then we choose any n—k integers p;.49,---, Py+, Such that 
Ps < Py < -s <X Pyas- 
Then, by definition of the a,, the sets {a,, a9,..., X41} ANA {ay,, Xy.,+++s Xp, sf 


belong to the same class of A, and it follows from 7, ... 7), 4 0 = 7,... T+, 
and the definition of A that 


T. T +0=T7....T 


pi °** ~ pk pl Pk 1° 
This proves assertion (i) of Theorem 1. 

Case 2. Suppose that 7; 7)... 7,,,, ~ 0. Let 1 < py < pe < ..» < pyas- 
Then, by definition of the «,, the sets {a,..-,%, 4} and {a,,,..., a), ,} belong 
to the same class of A, and hence, by definition of A, T,, +++ Ton .4 F 9- 
Since the p, are arbitrary, it follows from Helly’s theorem that 

7, T,...Ty #O (N >), 
so that assertion (ii) holds. 

Now suppose that (ii) is satisfied, that the sets S, are closed, and that 
T, T, ... Ty, is bounded for some Ny. Then Uy = 7, 7T,... Ty, for N > No, 
is a non-increasing sequence of closed, bounded, non-empty sets whose 
members have, by a well-known theorem, a non-empty intersection. 
Hence 7; T, 7; ... 4 0, and Theorem | is proved. 

The proof of Theorem 2 proceeds exactly as that of Theorem 1, the 
only change being that instead of Ramsey’s Theorem A quoted above 
we use the finitist version of Theorem A which is Theorem B of (1). 


4. Proof of Theorem 3. The construction which follows is similar to 
one employed in (3). 
Choose numbers ¢, such that 
6=,<4,<h<, &£<1 &>®, 
and numbers ¢, > 0 such that 
> 4.—t,)*¢,—t,-1)*e, < 1. (1) 
p=1 
Let, for p > 0, S, be the set of all points x = (2,,29,...,#,,) such that 
+2, t5-1+...+-2%| < €,, lz, << 2* (l<v<n). 
Then S,, as intersection of 2+ 2n closed half-spaces, is a closed convex 
polyhedron which is, moreover, contained in a fixed cube of side 2*+1. 
Now consider any k+-1 indices p, such that 1 < p, < pg < ... < pxay. 
Define the point # = (#,, %,...,%,,) by means of %, = 0 (k < v < n) and 
the identity, in ¢, 
(t—t, )(t—t,,)...(t—t,,) = #44, 8-14... +d. 
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Then |%,| < (1++#,,)* < 2* (l <v <n), and hence Z is an interior 
point of S,, ...S,,. 
On the other hand, if #* = (27....,a%) €S,, ...S,,,,, then the polynomial 
f*(t) = #+aft*1+...+2% satisfies the inequalities 
f*(ton)| < ep (I< Ke <k+1), 


as well as the identity, according to Lagrange’s interpolation formula, 


k+1 
* (t(—t Bie — t— K+ apes (t— t, P *( 
P= 2 ast ‘es Sf ¥ton): 





F (t,, _ tox —t,.., ae ,.—t pr a) 
from which we deduce, by ae the coefficients of t*, that 
kil 
] ~ 2 toe — toma) bout — bon) ope < s AD —t, a. (tou — t,)*e,, 
K= p= 


i.e. a contradiction against (1). Hence S,, ee = 0, and the theorem 
is proved. Each S, is the intersection of a fixed cube and a certain ‘strip’ 


between parallel ‘planes’. 
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NOTE ON A PREVIOUS PAPER ON MATRICES 
WITH POSITIVE ELEMENTS 


By HAZEL PERFECT (Swansea) 
[Received 27 August 1951] 


IN a previous paper (1)+ I discussed a method of approximating to the 
maximal root x of a positive matrix A; and in §3 of (1) I made a con- 
jecture concerning the manner in which the sequence of vectors A’u 
(r = 0, 1, 2,...), where wu = {uy, Ug,..., U,} is an arbitrary positive vector, 
approaches the pole y = {y,, Ye,..., Y,} (taken to be a positive vector) of A 
corresponding to y. The following numerical example refutes this con- 


jecture. 
Example. Let 
4 391 1 1 1 
’ 400 400 100 100 
17 7 1 1 
32 32 8 8 
9 15 1 1 
32 32 38 3 
1 1 4 94 
100 100 100 100 
and u = {1, 5, 5, 6}. 
The f ’ — wa 59) 
Then gy = fi, 1, 1, ij, Au = {ii, 3, 4, 33}, 
y' Au 140 7 yu 


b] 


1 
and : - ed ek a 
y|.|Au| 2x (6102)! ~ 2x(87)! — |y|. |e 


which refutes the conjecture that the sequence 


y' A’u 
ly|. |Avw| 





is monotonic increasing. 
I replace this conjecture by the following theorem. 
THEOREM. The sequence of positive numbers 
max(e; A’u/e; y) 
TR cereaeanier - (r= 9, I, 2,...) 
° , , 
min(e; A”w/e; y) 
(tv) 


is a steadily decreasing sequence tending to the limit 1. 


+ I employ here the notation used in (1). 
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Proof. The matrix C= : y-*a7, 
x 


where Y = diag(y,...., y,), is a positive matrix each of whose row sums 
is equal to 1, i.e. C is a positive stochastic matrix. Now 


e;, ATu = y"e; YC'Y—u 
= x(e,y)e, OF Au 


= x" (eye, Cv 
where v= {u;/Y3,--5 Un/Yn}; 
ie. @, Atulesy = xe, Cv. 


Therefore it remains to prove that the sequence 
max(e;, C’v) 
(i) 


—_- (r =O, :. 2,...) 
min(e; C’v) 
©) 
is a steadily decreasing sequence tending to the limit 1. 
That this sequence is steadily decreasing follows at once from the fact 
that, for all z, 
e, Crtly = & C.Crv 
< max(e;,C’v), 
(i) 
min(e;, C’v).+ 
@ 
A proof that max(e; C’v) and min(e’, C’v) tend to the same limit as r tends 
©) (i) 
to infinity may be modelled on the proof of Theorem III in (1). 


and 


WV 


+ This step uses the fact that each row sum of C is equal to 1. The <, > signs 
may be replaced by <, > respectively except when C’v has all its elements equal. 
A similar remark applies to the inequalities in Theorem IT of (1). 
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A SIMPLIFYING TECHNIQUE IN THE SOLUTION 
OF A CLASS OF DIFFRACTION PROBLEMS 


By D. 8. JONES (Manchester) 


[Received 11 September 1951] 


Summary 

EXAMPLES are given which show that considerable simplification can be 
achieved in the formulation of diffraction problems which lead to 
Wiener—Hopf integral equations by taking the transform before apply- 
ing the boundary conditions. 


Introduction 

In the theories of electromagnetism and small-amplitude sound 
waves a class of problems involving perfectly conducting or rigid 
parallel-plate or cylindrical structures can be solved by using Wiener— 
Hopf integral equations. These integral equations are derived by apply- 
ing the boundary conditions when the field is expressed in terms of 
integrals of unknowns on various surfaces; in electromagnetism the 
unknowns are usually the current densities on the diffracting surfaces. 
The formation of the integral expressions often requires complicated 
functions, e.g. the Green’s function of a cylinder used by Levine and 
Schwinger (5). It is the object of this note to show that these complica- 
tions can be avoided, and that the Laplace transform of the integral 
equation can be obtained simply by taking the transform of the differ- 
ential equation before applying the boundary conditions.t 

The utility of the method is best demonstrated by examples, and I 
give four of them. The first example is the Sommerfeld problem for the 
semi-infinite plane; here the integral-equation formulation is particularly 
simple and the object of the example is to show that the new technique 
is no more complicated and that, moreover, it provides additional 
information. The second example is the diffraction of small-amplitude 
sound waves by a semi-infinite rigid cylinder; here the new technique 
is considerably simpler than the integral-equation formulation, which 
requires a lengthy and complicated analysis. The third example is the 
diffraction of a plane electromagnetic wave by a finite wave-guide; in 

+ The author and Mr. G. E. H. Reuter have also used this technique to solve 


problems involving other transforms, e.g. Mellin transforms when the electrified- 
disk problem is formulated in spherical polar coordinates. 


Quart. J. Math. Oxford (2), 3 (1952), 189-96 
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this case the integral-equation formulation involves the kernel |x+-2’ | 
as well as |z—z’|. It is shown that the new technique can still deal with 
this and remain simple. The fourth example is concerned with a vector 
field. 


1. The Sommerfeld problem 

We consider phenomena which are two-dimensional and depend only 
upon the Cartesian coordinates x and y. Let the semi-infinite plane be 
given by x >0, y = 0 and let the plane wave wy, = e~t*2cosd-ikysind 
(0 < 6 < 4m) be the incident field. Let the total field be w+ uo, so that 
u is the solution of V2u+k?u = 0 where V? = 6é?/éx?+-é?/éy? such that 
u+uU, = 0 on the semi-infinite plane. (An example of the technique 
when the boundary condition is the vanishing of the normal derivative 
is given in § 2). The integral-equation method of solving the allied 
problem in sound waves is given by Baker and Copson (1). 

We suppose that k has a small negative imaginary part so that 

k=k,—tk; (k, > 0,k; > 0). 

t ye-se dx, 


2 


Let U(y) = 





so that U(y) is a function of s and y although the dependence on s is not 
explicitly indicated. Then U satisfies the equation 
2U /oy+eU = 0, (1) 

where «x? = s?+k?. 

We now investigate the values of s for which (1) holds. As 2-0, 
u = O(e-*iz°089) either because there is a reflected wave (y < 0) or 
because the incident plane wave is removed in the region of shadow 
(y > 0). As 2 —oo, u behaves like a diffracted wave and therefore 
u = O(e-*'='/\x\!). Hence U is analytic in the strip —k;cos0 < o < k; 
(s = o+ir7), and so (1) holds in this strip. 

Define « by choosing that branch of ,/(s?+-k?) which reduces to k 
when s = 0. Then, in the strip —k,;cos@ < a < k;,, 
A,e~*«v+ Bev (y > 0), 
A,e-ixv 4 Ba eixu (y < 0), 
where A,, B,, Az, B, are functions of s only. There are two forms of U 
since du/éy, and hence éU /éy, is discontinuous across y = 0. Since wu 


U(y) = 


is an outgoing wave as |y| — 00, we have, since k; > 0, u > Oas |y| > 0. 
Hence U + 0 as |y| > 00 and hence, since « has a negative imaginary 
part for —k; <0 <k;, B, = 0, A, = 0. Since wu is continuous across 





~~ — 


=] 


ae Ge 








eR ee 
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y = 0, so is U and hence A, = B, = A (say). Hence U(y) = Ae-**! 
(all y). 
Write U(y) = U,(y)+ U_(y) where 


o0 0 
U.(y) = | ue-*= dx, U_(y) = | we-*# dx. 
0 a 
Then U.(0)+U_(0) = A, (2) 
U',(+0)+U'_(+0) = —ixA, (3) 
U',(—0)+U'_(—0) = iA, (4) 


where the primes indicate derivatives with respect to y. 
Since @u/éy is continuous in crossing y = 0, « < 0, we have 
U’_(+0) = U‘_(—0) 
and hence, adding (3) and (4), 
2U'_(0) = —U’,(+0)—U',(—0). 
The right-hand side is analytic in o > —k;cos@. The left-hand side is 
analytic ino < k;. Since the two sides have a strip in common, they are 
both equal to an integral function. It is easy to show, by considering 
the growths at infinity, that the integral function is zero. Hence 
U'_(0) = 0, U', (+0) = —U',(—0). 
Since U'_(0) = 0 for all sin the strip, it follows that éu/éy = 0 on y = 0, 
«<0. This result is independent of the incident field and is valid, 
provided that the additional field has a suitable transform. It is usually 
deduced by the method of images. 
Using the results of the previous paragraph in (2) we have 
U', (+0)/« = —iU,(0)—iU_(0) 
= —iU_(0)+7/(s+ik cos @) 
since u = —e-t*re0s? on y = 0, x > 0. Since U_(9), analytic in o < k,, 
is the transform of the field on y = 0, x < 0 and U‘, (+0), analytic in 
ao > —k,;cos8@, is proportional to the transform of the current on the 
semi-infinite plane, this equation is the one that would be obtained by 
means of integral equations. We find without difficulty that 


(s+ik cos @)U’, (+0) = i.(—tk—ik cos 6),/(s+tk) 
and hence that 
—,/(—tk—ik cos @) e-taiyl, 


U = 
(y) (s+ ik cos @),/(s—ik) 


An inverse transformation immediately gives the field at any point: 
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this is a further advantage over the integral-equation method where 
the transform of the field has to be formed first. 


2. The semi-infinite cylinder 

We use cylindrical polar coordinates p, ¢, z and let the semi-infinite 
cylinder be p = a, z > 0. We suppose that a is so small that only the 
fundamental mode e*‘** can propagate. Let the cylinder be excited 
internally by the sound wave u, = e‘ starting at z = oo and proceeding 
towards the origin. Let w+, be the total field in p < a and w the field 
in p >a. We require a solution of 


+k*u = 0 


1 “| Z| 1 au ou 
- + 
p &p 


° ap) * pt age” eat 


such that éu/ép is continuous across p = a, such that éu/ép = 0 on 
p = a,z > 0 and such that, on z < 0, 


[w], a+o = [U+%9]p-0-0- (5) 


The integral-equation formulation has been given by Levine and 
Schwinger (5). 


ue—*x dx 





Let U = 


== @® 


so that, with our assumptions, U is analytic in the strip —k; < o < k; 


_ 1a/aU\.128U 
é/[ al é os 

= eS |+ he tL = 0. 

sa Op} p® ad* 
Since wu is single-valued in ¢, is an outgoing wave as p > 00, and since U 
is finite at p = 0, we have 
Ea, H2up)eind (p >a), 
U(p) = 4" * 


os 


> b, J,,(xp)eint (p < a), 


n 


where J, is the Bessel function of the nth order and H’) is the Hankel 
function of the second kind and nth order. Since éu/ép is continuous 
across p = a, we have 


a, Hi?” (xa) — b, J},(«a), (6) 


where primes indicate derivatives with respect to xa. 
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In a similar way to that used in § 1 we find 


U,(a+0)+U_(a+0) = s a,, H'?(xa)ein?, (7) 


U,(a—0)+U(a—0) = ¥ b,J,(na)eind, (8) 


U'(a)+U' (a) = Ka, HY" (waeind. 


n 
Write V.(a) = U,(a+0)—U,(a—0); then, subtracting (7) and (8) and 
using (5) and (6), we obtain 


x 


V(a)—1/(s—ik) = > 2ia, e"¢/{axaJ;,(na)}, 
n x 
since H)(xa) J), (xa) — HH?" (xa)J, (Ka) = 2i/mKa. 
If we assume that U = } Uein¢, where U™ is independent of ¢, 
n x 


we see that U™ = 0 (n $ 0) and that 
U'(a) = way H?”’ (xa), 
V(a)—1/(s—ik) = 2iag/{axaJo(xa)} 
since U’. (a) = 0. 
Hence 
V(a)—1/(s—ik) = 200" (a)/{rran?J,(xa)H?'(xa)}. 

This equation is closely related to equations (V.2) and (V.4) in the 
paper of Levine and Schwinger. The main difference is that this equa- 
tion has a solution not involving an unknown constant which has to be 
determined by other methods [ef. equation (V.43)]. The solution to 
this equation is 

LL (s) VO(a) = (s+ik)L,(s)—2kL, (tk), 
where L,(s)/L_(s) = J,(xa)H? (xa), L,(s)L(—s) = 1. L, and L_ are 
similar to functions given by Levine and Schwinger and may easily 
be deduced from them. We can now find a, and hence the field every- 
where. 
3. The waveguide of finite length 

The field is taken as two-dimensional with the electric vector in the 
direction of the z-axis. The plates of the waveguide occupy —l < x < 0, 
y= 0 and —l<2<0,y=d (7 < kd < 2m). Let the incident field 
be the plane wave wu, = exp(—ikx cos @—ikysin @) (0 < @ < $n) and 
let w-++-uy be the total field. Then w is a solution of V2u-+-k?u = 0 such 


3695.2.3 oO 
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that u+u, = 0 on —l <a <0, y=0,y=d. The integral equation 
formulation is given by Jones (4). 
As in § 1 we have 


A,e-“# (y > 4), 
U(y) = { A,e-*¥+ Boe (O<y<d), 
Bev (y < 0). 


Since uw is continuous, we have 
A,+ B, —s Bs, A, = A,+ B, e?*4, 


Hence, on writing 
x 1 0 
ies U.+U_+U, =| P+ f+ | Jems de, 


0 —@ —l 








it follows that 
U,(d)+U_(d)+U,(d) = A,e-i*@+ B, etx? 
U,(0)+ U_(0)+-U,(0) = A,+ B,, 
where (s+ik cos 6)U,(d) = —e-tkdsin8(esl+ikicos)__ 1), 
From the discontinuity of éu/éy across the diffracting planes we deduce 
that V,(d) = Ui(d--0)—Ui(d—0) = —2ixB, et? 
V,(0) = —2ixAg. 
Eliminating A,, B, we obtain 
U,(d)-+U_(d) + U,(d) = {V,(0)e-* + 1,(d)}/(— 2x), 
U,(0)+ U_(0)+U,(0) = {V,(0)+V,(d)e-*%} /(— tx), 
and the addition and subtraction of these equations gives 
H,+H_+H, = —(1/2ix)(1+e-@yV(0)+4;(d)} 
= —{V,(0)+V,(d)}/K(s), 
J,+I_+H, = —(1/2ix)(1—e-*4yV;(d)—V,(0)}, 


where H, = U,(d)+U,(0), J, = U,(d)—U,(0) and similarly for the 
other quantities involved. K(s) is defined in the same way as in the 
paper by Jones. Writing K(s) = K,(s)/K_(s) and K,(s)K_(—s) = —1 
[cf. equation (19) of (4)], we see that 


(H,+H_+H,)K, = —{V;(0)+4(d)}K- (9) 
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Now, a use of Cauchy’s theorem and the properties of H_, K., at infinity 
give 
C+ 1% " 

dw +- a H_(w)K,,(w) dw, 
w—s 270 w—s 
¢,—i« C2 — to 


(+4 


bP Hele 


tin 


2771 

(10) 
where —k; << c, <a<c,<k;,. The first term of (10), by analytic 
continuation, is analytic ino > —k; and the second in o < k,. Dealing 
similarly with the term U,(d) in H, we can split (9) into two parts, one of 
which is analytic in o > —k; and the other in o < k,;. Hence the two 
parts equal an integral function which is easily shown to be zero. There- 


fore 
lee ihéein?) 
K,(s)|H, + 
+ ) "" stikcosé f 
, Pa sul+iklcos6( | 1 e—ikdsin8 
= 4 [ K,(w) H PS. rm =e ) dw 
271 J w—s e w+ik cos @ 


where —k; < c < k; and R(s—w) > 0. A change of notation and slight 
manipulation show that this equation is equivalent to (22) of (4). 


4. Three-dimensional diffraction by a semi-infinite plane 
We consider the diffraction by the semi-infinite plane x > 0, y = 0, 
—oo < z < 0 of the harmonic plane wave whose electric intensity is 


given by e,e-” = (A, p, v)exp(—aa—By—vz) 


where 
x = iksin @ cos ¢, B = iksin @sin 4, y = ikcos8, 
ln > O> 0, a>¢>0, 

and the time dependence e* is understood. The field depends upon z 
only through the factor e-”*. Let the total field be (e+-e,)e-”, (b+ by )e~”, 
where e, b, related to the electric intensity and magnetic flux density 
respectively, are independent of z. The rectangular components of e 
satisfy (V2+y2+k)e=0,  div(ee-) = 0 
and are such that the x- and z-components of e are zero on the semi- 
infinite plane. The magnetic flux density is determined by the equation 

—iwbe-”* = curl(ee-”*). (11) 


Integral-equation formulations have been given by Copson (2) and 
Jones (3). 








196 ON A CLASS OF DIFFRACTION PROBLEMS 


Taking the transform with respect to x and denoting the transforms 
of e, b by E, B, we find that (é?/éy?+.«7)E = 0 where «x? = «?+y?. 
Hence Ey) — {Ae & > o), 

Cetmu  (y < 0) 
where A, C are vectors which depend only on s. 

We indicate the components of vectors by the suffixes x, y, z. The 
continuity of e,, e, implies that A, = C,, A, = C,. Also the transform 
of div(ee-”*) = 0 gives 

8A,—ik, A,—yA, = 0 
8C,+ix,C,—yC, = 0, 
from which we deduce that 
ix,(A,—C,) = 28A,—2yA,. (12) 
B is determined by the transform of (11), which gives 
—iwBly) = (sisi, j—yk) A E(y), 
the upper or lower sign being taken according as y 2 0 
Write E = E,+E_, where 


oo 0 
E,=[eedz, E_= edz, 
- ie 
and then -2(0)+E_,(0) = A,, (13) 
E,,(0)+E_,(0) = A (14) 
tel? I, = tel Bf +0)—B,,(—0)} = 2(syA,+?A,)/ix,, (15) 
—4rk? 4, = —iw{B,,(+0)—B,,(—0)} 


= —AsyA,+(Y+R)A}ix,, (16) 

where we have used (12) in deriving (15) and (16). Since 

E, (0) = —A/(s+«), E.,,(0) = —v/(s+a), 
we find from (13), (14), and (16) that 
syv+A(y?+ k? 
Ts 
which, apart from notational changes, is the equation immediately 
before (16) in the paper of Jones (3). 


Qmik*x, F,..+ - (9)+-(s? +h?) E_,(0), 
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ON THE PRODUCT OF TWO LINEAR 
FORMS, ONE HOMOGENEOUS AND ONE 
NON-HOMOGENEOUS 


By P. KANAGASABAPATHY (London) 
[Received 8 October 1951] 


1. Let X, Y be homogeneous linear forms in wu, v of determinant 1, with 
real coefficients, and suppose that neither form represents zero for in- 
tegers u, v not both zero. Let c be any real number, not zero. H. Daven- 
port? has recently proved that there exist integers wu, v, not both zero, 
such that 1 
(X+c)¥|< a1 

Further, by considering an example, he has shown that the result does 
not hold if the constant 4-1 is replaced by 5-06. 

In this paper, I prove that the result is still true if the number 4-1 is 
replaced by 4:25, but is not true if it is replaced by 4-28536... . 

[I wish to express my gratitude to Professor Davenport for his help and 
interest in the preparation of this paper. 


2. To prove the first result, we need the following lemma. 


LemMA 1.t Let X, Y be any two linear forms in u, v of determinant 1, 
neither of which represents zero for integers u, v not both zero; and let c be 
any real number other than zero. Then there exists an integral unimodular 
transformation from u, v to new variables u’, v' which transforms (X +-c)Y 


into wt 
where 0<¢<l, lca <8, (1) 


(u’ + Ov’ —«x)(u’ —dv’), 


I now prove the following theorem. 


THEOREM 1. Let X, Y, and c be as already defined. Then there exist 
integers u, v, not both zero, such that 


\(X+e)¥ | < 


4:25 


+ See H. Davenport, ‘Note on a result of Chalk’, Quart. J. of Math. (Oxford), 
above, pp- 130 8. 


t Ibid. Lemma 2. 
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Proof. By Lemma 1, it is sufficient to show that, if 0, 4, « satisfy (1), 
then there exist integers wu, v, not both zero, such that 


: 1 
|(u+Ov—a)(u—dv)| < wo (0+-¢). 
We assume the contrary, namely that 


\(u+6v—a)(u—dv)| > — 


4-25 


(0+¢) (2) 





for all integers u, v, not both zero, and deduce a contradiction. 
We shall make frequent use of three cases of (2), namely 





] ‘ 
(14+-0—a)(I—4) > 25 (0+4). (3) 
1 
(0—a)p > 55. (0+$), (4) 
2A 1 7 
(14-26—a)|1—24| > 75, (6+4). (5) 
Let n < « < +1, where n is a positive integer. Then from (2) we 
obtain 1 
a—n > 5= (+4) (6) 
1 
and n+1—a = ¥25(n-+1) (8+¢). (7) 
Hence, by addition, 
n(n+1) (4.5 
O+6 < "OT (4-26). (8) 
From (3) and (6) we obtain 
O+¢ 


'—¢ > 7350+$—G—n+1)—O+on 


Since the right-hand side decreases as 6+-¢ increases, we can replace 6+-¢ 
by its upper bound from (8), obtaining 

2.3. s (10) 
4-25n(n+-1)—(2n+1)6—2n? 
Similarly, from (5), (6), and (8) we obtain 


n(n-+-1) 


(9) 











1-¢ > 








re ie ee 
rl 8-5n(n-+ 1)—2(2n+ 1)p—2n?’ (11) 

and from (4), (6), (8) we obtain 
n(n-+-1) * 
o2 4:25n(n+1)—(2n-+ 1)6—2n?—2n—1° (12) 
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Combining (11) and (12), we get 








ON 
Case 1. Suppose first that 6 < 3 
+1 
Li? == = ‘: =e 
8-5n(n-+ 1)—2(2n+-1)\h6—2n? 
4 2n(n+1) 
4:25n(n-+ 1)—(2n+ 1)\6—2n?—2n—1° 
Since the right-hand side increases with ¢, and ¢ > 0, this implies 
] 2 
i> — 7 
8-5—2n/(n+1)  2-25—1/n(n+1) 
l 2 
> +555" for all n, 


7°5 


> 0-133-+0-888, 


and we have a contradiction. 
Suppose next that 6 > 4. Then, by (11), 











Case 2. 
26—1 > n(n-+-1) . 
~ 8-5n(n+1)—2(2n+1)h—2n? 
Since the right-hand side increases with ¢, and ¢ > 3, we have 
1 
26—1 
¢ > 6-5—1/n(n+1) 
1 
>—, forall n. 
6°5 
Hence d > 0-5769. (13) 
Similarly from (10) we obtain 
l 1 
l—¢ > >=; 14 
? 2-25-+-(2n—1)/2n(n+1) ~ 2-5 (14) 
(15) 


d < 0-6. 


for all m. Hence 
Further, by combining (4) and (6), we get 
(n+ 40+) 


I—n > — 
~~“ 425nd 








Hence, writing 6—n as (6+¢)—(n+¢), we obtain 
| 64+¢>{— my (16) 
“|n+6 4:25nd} * 
Again, if @—a > m, then, by (2), 
| 6 
d—a—m > — a. 
4-25(m+¢) 
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Combining this inequality with (6), we obtain 





— (6+¢)(m+n+¢) 
ers) Fete” 
1 l - 7 
Hence 0+¢> | d-meTs| wi 


Similarly, if 9—a < 1, using (2) and (7) we obtain 


l 1 —1 
i " | 
bi di sors aera me 


We now consider the different values of n. 


(i) Letn = 1. By (12) we have 








yaoi tee 2. 


al cans 
$2 8:5—3¢—5~ 8-5—3—5 


giving a contradiction. 


(ii) Let n = 2. By (12) we have 





: 
id 12:5—5h~ 12-5—2-5 


which contradicts (15). 


(iii) Letn = 3. By (8) we have 


O-+-6 < 12(4-25) < 7-29. (19) 
By (16) with n = 3, 
] ] = 
6+¢4 > |.—__ ——__} . 
+¢ 2 few sed 
Since the right-hand side decreases as ¢ increases when ¢ < 0-6, we have 
1 Se 
et ae i 
+$> 136-765) 
Hence 6+ > 6-798. (20) 
Suppose that 6—a > 3. By (17), with n = 3 and m = 3, we have 
(1 l \- 


6 lina) l wvo.7e/a12\ 
+¢ > 65312-75846) 


Since the right-hand side increases with ¢ and ¢ > 0-5, we have 
(2 TRE» 
\6-5 (12-75)(3-5)) 
which contradicts (19). Hence @—a < 3. 


6+¢ > > 7:6, 
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By (18), with n = 3 and/ = 3, we have 
1 T= ». 
7+$ T7848) - 


Since the right-hand side increases with ¢ and ¢ < 0-6, we get 


O+¢< 


0+6<(a5+ aa) < 782, 


which contradicts (20). 
(iv) Letn = 4. By (8) we have 
0+ < (4-25) < 9-445. (21) 
Suppose that @—a > 4. Then, since ¢ > 0-5, we have, by (17), 


{1 I 


rte > \8:5  17(4-5){ 


which contradicts (21). Hence @—a < 4. 
By (18) with n = 4,/ = 4, and from the fact shat ¢ < 0-6, we obtain 





ft DS ga: 
< \9-67 @r2 »5\(4-6)) — 


Now, by (9), 
e+¢ 
425(0+$—4—3)— 048) 


Since the right-hand side decreases as 0+-¢ increases, and 6+¢ < 8-743, 


1-$> 





we have 8-743 


l1—¢ > =. 
4-25(5-743—¢)— 2-185 





Again, since the right-hand side decreases as ¢ decreases, and ¢ > 0-576 
by (13), we have 
es 8-743 S 0-442. 
(4-25)(5-167)— 2-185 





Hence ¢ < 0-558, which contradicts (13). 
(v) Letn = 5. By (8) we have 
6+ $< < 394-25) < 11-591. (22) 


Suppose that 6—a > 5. By (17), since ¢ > 0-576, we have 


l 1 \ 
ve ae ee ee 11-61, 
'? > \i0.576 @1-25)(6876)| > 


which contradicts (22). Hence 0—a« < 5. 
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By (18) with 1 = n = 5 and the fact that ¢ < 0-6, we have 


1 1 - 
6+ we 10-73. 
+ <j\ipet araes| . 
Considering (9), and using the fact that 6+¢ < 10-73 and ¢ > 0-576, we 
obtain = 
i~é > ni ae > 0-445. 





(4-25)(6-154)— 2-146 
Hence ¢ < 0-555, which contradicts (13). 
(vi) Letn = 6. By (10), we have 





42 
\—$ > 1065136 
42 
> 106-5— 13(0-5769) 
> 0-424. 


Hence ¢ < 0-576, which contradicts (13). 
(vii) Letn = 7. By (10), we have 


56 
140—15¢ 
e 56 
140— 15(0-5769) 


I—¢> 





> 0-426. 
Hence ¢ < 0-574, which contradicts (13). 
(viii) Letn > 8. By (14) we have 





_ : 
= 2-25-+ (2n—1)/2n(n+1) 


Since the right-hand side increases with n, and n > 8, we have 
l—¢> SeeL ISIE > 04246. 
Hence ¢ < 0-5754, which contradicts (13). 
The proof of Theorem 1 is now complete. 
3. For the proof of the second result, we need a further lemma. 
Lemma 2.+ If kis any positive integer, and U, V are any odd integers, 
mn \U2+ 2kUV—V2| > 2k. 
+ See H. Davenport, Proc. K. Nederland. Akad. van Wet. 49 (1946), 815-21, 
Lemma 3. 
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THEOREM 2. Let 
X+c=u+Ov—a and Y = u—dv, 
where 6= 6+5v2, «= 30=3+4+3v2, and $= 3N3. 





Then \(ut+6v—a)(u—dv)| > (06+¢4)/m 
for all integers u, v not both zero, where 
m = O+¢ ~ = 4°28536.... 


(1+0—a)(1—¢) 
Equality occurs if and only if u = v = 1. 


Proof. Suppose the theorem not true. Then there exist integers u, v, 
not both zero, such that 


(X+e)Y| < 1 (644) = 3-1848.... (23) 
m 
Now (X+c)—Y = (6+5v2+4v3)v—4(6+5v2). 
Hence X+ce|+|¥| > $(6+5v2) = 65 (24) 


It follows from (23) and (24) that either |X-+c| < 3, or |Y| < 3; for we 
have A(6-53—A) > 3-18 when 3 <A < v3-18.... 
We now consider two cases. 
Case 1. Suppose that |X+c| < 3. Let X’+c’ be the algebraic con- 
jugate form to X-+-c, so that 
X’+c’ = u+(6—5v2)v—4(6—5v2). 


Since X+ce = u—v+}+(7+5v2)(v—}), 
we have (X+c)(X’+c’) = }(U?+14UV—P?), 
where U = 2(u—v)+1, V = 2v—1. 


Hence, by Lemma 2, we have 


(X+e)(X’+e’)| >] (25) 


for all integers wu, v. 
Since |X-+-c| < 3, we have 





u —(6+5v2)v+ $(6+5v2)+€, (26) 
where || < 3. Using (25), and substituting for wu from (26), we obtain 
, i ee a 
X+c)Y| >- - 
( | Cc) 9 x'+-¢' 
_ 7 | (6+5v2 2+ $v3)u— 4 6+-5v2)—é! 
= =| 


10V2v—5v2—€ 
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_ 7/6+5v2+4v3  5v2(4v3)—(5V2—6—4v3)E 
ae 10v2 10V2(10V72v—5v2—&) 











7/6+5v2+}v3 _ 5vV2(4v3) + (5V2—6—4~v3)2 
~2\ 10wv2 10V2(5v2— 2) 


> 1{0-965—0-048} > 3-2, 
contrary to (23). 
Case 2. Suppose that |Y| < 3. Let Y’ be the algebraic conjugate form 
to Y, so that Y’ = u+4v30. 
Then obviously lYY’| >4 (27) 


for all integers u, v, not both zero. 
Since |Y| < 3, we have 
u = 4v3v+n, (28) 


where |7| < 3. Using (27), and substituting for uw from (28), we obtain 








aa . 1|X-+c| 

(X+e)¥| > 5/pr-| 
oe ee v—}(6+5v2 2)+n | 
i 3) 8v30-+7 


If v > 0, this expression is least when 7 is greatest. In this case, 
(23) implies 


1 ((6+5v2 et v8 )o— i 6+ 5v2 185. 


aT 





whence v < 4. 
If v = —w, where w > 0, the expression is least when 7 is least, and 
(23) implies 
1 ((6+5v2+4v3)w+ $(6+5v2)+3 
3\ gv3w-+ 3 
which is false for all w > 1. Hence v = 0, which contradicts |Y| < 32. 
The remaining possibilities are tabulated below. 


< 3:185, 





ew | 














u | v | \|(X-+c)¥| 

2 | (47-7...)(0-30...) > 14 
9 

1 


(6-53...)(0°577...) > 3°7 


4 | 
3 | (34-6...)(0-26...) > 8 
) 
1 
1 | 3-1848... 


| (20-60...)(0-1547...) > 3-187 


—_— © 
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Since |(X-+c)Y| > 3-1848..., with equality if and only if wu = v = 1, 
Theorem 2 is established. 
4. The constant 4-28536... in Theorem 2 can be improved slightly by 
using the same values of @ and « but defining ¢ by 


d = +4,(28+-10v2). 


Then the conclusion holds with m = 4-28471..., and equality now occurs 
if and only if w=1, v=1 or u=1, v= 2. The constant 4-25 in 
Theorem 1 can be improved to 4:2575 by more accurate calculations. 








INTEGRALS REPRESENTING GENERAL 
HYPERGEOMETRIC TRANSFORMATIONS 


By L. J. SLATER (Cambridge) 
[Received 15 October 1951] 


1. Introduction 

In a recent paper (1), D. B. Sears gave a transformation connecting 
M-+-N-+1 general hypergeometric series of order M+N-+1. His proof, 
which was based on Hill’s identity for terminating series, used double 
induction in M and N, and, from this result, Sears deduced several 
general transformations of well-poised hypergeometric series. In a later 
paper (2), he gave the basic analogues of his theorems. In my previous 
paper (3), I deduced the corresponding results for bilateral series, of 
ordinary and basic types. 

In the first part of this paper, I give a short proof, based on an integral 
of Barnes’s type, of Sears’s general theorem, and I state the correspond- 
ing integrals from which the general bilateral, the well-poised, and the 
well-poised bilateral transformations can be deduced. In the second part 
of the paper, I use a basic analogue of this Barnes integral to prove Sears’s 
general transformation for basic series, and I deduce the basic analogues 
of the previous integrals. These now lead to general transformations 
between bilateral, well-poised, and well-poised bilateral basic series. 


2. Notation 
In the usual notation, let 
(a), = a(a+1)(a+2)...(a+n—1), 
(2) — 1, (4)_», —_ (—1)"/(1—a@),, 


Oss Bey ers; Ons: + (Ay), (Ao) p-++(Aqy) L” 
FE. . 1» “2 M | 1/n\“2/n M/n x 
sil cc. 2 1! (by) n(Og)n-+-(Org—a)n 





n=0 

This will be curtailed further to 
uFy-s(4); (6); 2], 

when there is no danger of ambiguity. Also 


p[terterevta] Mea) PeaT eu) 
by, Dg,..+5 by P(6,) P(6,)... P(by) 
Similarly, this will be contracted to 


T{ (a); (6)], 


Quart. J. Math. Oxford (2), 3 (1952), 206-16 





th A © 


*.s 


~~ tea aoe 2a 2 lu lCOD 
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and, where necessary, the number of each kind of parameter will be stated. 
> will denote the summation from r = ltor = N. 

N 


3. The general theorem 
A short proof of the first part of the general theorem will now be given. 
Consider the integral of Barnes’s type, 


or .. {f nf{(et+e),(1—B—e), —s 
2ril, = | yoo season | as, 


where there are M/ of the parameters a and b, N+-1 of the parameters A, 
and N of the parameters B. J, is taken in a clockwise direction round the 
usual contour consisting of a large semicircle, of centre O and radius R, 
to the right of the imaginary axis, and that part of the imaginary axis 
from —iR to +iR, indented where necessary to ensure that all the poles 
in increasing sequences, that is s = 1— B,+n,1— B,+n,...,1—By+n, 
and n, for n = 0, 1, 2,..., lie to the right of the indented imaginary axis, 
and all the poles in decreasing sequences, that is 


$ = —A,—N, —a,—N,..., —Ay,—n, for n = 0, 1, 2...., 


lie to the left of this part of the contour. 


On the semicircle, s= Re‘? 
and the integrand is O(R-*), 
where k = re[ > (6+ B—a—A)]. 


Let Roo. Then, if k > 0, the integral round the semicircle tends to 
zero, and the integral along the imaginary axis exists, and is equal to the 
sum of all the residues of the poles in increasing sequences, that is 


ix 





l ,{(a), (1—B), —s] , 
mi | (b), (1—A), | a 
ye —B) 


(b), (1 fg, [ares saFuresl(@) (1) (0), (B)s 4 


F » 3 3 be a— B,),(B,—B)’, B,—1 
. (1+6—B,), (B,—A) |x 


Lg [(l+e—B,), (1+4—B,); 1 im 
weve MN] 2B. (1+b—B,), (1+ B—B,) 


where the dash denotes the omission of the vanishing factor B,— B,. 
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Similarly, by considering the integral taken clockwise round a semi- 
circle to the left of the imaginary axis, we have 
a,, (a—a,)’, (1+-a,—B) 
r r r 
> 3 ais (b—a,) m 
a,,(1++-a,—b), (1+-a,— B); , 

4 ‘ P 1} forM+N>2. (2 
(1+a,—a), (1+-a,—A) | Reign Oy 
On equating these two results we have the first part of Sears’s general 
theorem. As Sears shows, the second and third parts of his theorem 


follow from this result. 
More generally, we can show from the integral 


| I (a+s), (1—B—s), —s; (b+), (l—A—=s)]z* ds, (3) 


x awit 


taken round a large circle of radius R, where, again, there are M of the 
a and b parameters, N-+-1 of the A parameters, and N of the B para- 
meters, that, if |z| = 1, and 

I(z) = T\(a), (1—B); (6), 1—A) Japev+Far+nl(@), (A); (6), (B)3 2]+- 

+ > T{(1+a—B,), (B,—B)’, B,—1; (1+b—B,), (B,—A)] x 
N 
(1+a—B,), (1+A—B,); 
Xu ena ew rg (1+b—B,), (1+ ah (4) 

then 

T(z) = > ra,, (a—a,)’, (1+a,—B); (1+a,—A), (b—a,)| x 

M 


a,, (1+a,—b), (1+a,—B); ‘ 
, * yay 3 I/zj. (é 
X weve Purin moar (14a,—A); (5) 
4. Well-poised results 
Similarly, we can deduce the results for well-poised series. Thus the 
integral 
[ I'[(a+8), (a—a,—s);(1+a,—A-+8s), (1—A—s) |exp(27is) ds, (6) 
where there are M +-1 of the a parameters and M —1 of the A parameters, 
provided that 
re{ Ma,+M—1— > (a+A)]> 0, 
leads to the result (1) (11.11), which expresses a »5,F},;_,[1] series, well- 
poised in a,, in terms of M other ,,F,,,_,[ 1] series, well-poised in 2a,—a,. 
Further, the integral 
f Tats), (a—a,—s); (1+a,—A+8), (1—A—s)]exp(mis) ds, (7) 


—10 





ni- 
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where there are M +1 of thea parameters and M —1 of the A parameters, 
and re[2Ma,+2M—1—2 > (a+4A)] > 0, 
leads to the result (1) (11.12), which expresses a 95,F),,-,| —1] series, 
well-poised in a,, in terms of M other ,,,;F,,,_,| —1] series, well-poised in 
2a,—a,. The integral 

| I'[(a+s), (a—a,—s);(1+a,—A-+s), (1—A—=s) |exp(zis) ds, (8) 
where there are M-+-1 of the a parameters and M of the A parameters, 
i re[(2M+-1)a,+2M—2 > (a+A)] > 0, 
leads to (1) (11.13), which expresses a 5, ,,F2)| 1] series, well-poised in ay, 
in terms of M other 45,,,F,,,| 1] series, well-poised in 2a,—a,. 

Finally, the integral 


ix 





[ I (a+s), (a—a,—s);(1+a,—A-+s), (lL—A—=s)]exp(2z7s) ds, (9) 
where there are M + 2 of the a parameters and M —1 of the A parameters, 
and re[ (2M +-1)a,+2M—1—2 > (a+A)] > 0, 


leads to the result (1) (11.14), which expresses a 957,44); —1] series, 
well-poised in a,, in terms of M+1 other 94,,,;F:,{ —1] series, well-poised 


a than 
in 2a,—a. 


5. The bilateral theorem 
From the integral 
2m = ( [[(a+s), (l—a—s); (b+-s), (l—c—s)] ds, (10) 
where there are M each of the a, b, c parameters, taken along a similar 
path, we have 


eo jd Pitts a pete 1, (1+c—a,); (1+-b—a,); 1] 


<~ |(1+b—a,), (a,—c) 


= » r as ’ Vag) fares (1+a,—b); (1+a,—c); 1}, 


(b—a,), (l+a,—c) 


M 
(11) 

provided that re{ > (b—c)] > 9, 

from which follows the general theorem for bilateral series (3) (10), which 

expresses an ,,H,,/1] series in terms of M other j,Hy[1] series. 


3695.2.3 P 
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6. Well-poised bilateral integrals 
In the same way, we can deduce the general transformations for well- 
poised bilateral series. From the integral 


[ pete terete leah tea 


 ) - 
(1+-a,—c+s), (l—e—s) Jexp(wis de (12) 


—in 
where there are V+-1 of the a parameters and 2N of the c parameters, 
and re[2N—1+42Na,—2 > c] > 0, 
we deduce (3) (11), which expresses a »,,H,,[—1] series, well-poised in a,, 
in terms of N other ,yH,,|—1] series, well-poised in 2a,—a,. 
From the integral 


{ i (1+a,—a-+s), (l—a—s), (a—a,—s) 


(1-+a,—c-+8), (1—c—s) Jexp(2ria) ds (13) 


with the same numbers of parameters, provided that 
re[ V—1+ Na, — ¥ ce] > 0, 
we deduce (3) (12), which expresses a .,H, {| 1] series, well-poised in a,, 


in terms of N+1 other .,H, [1] series, well-poised in 2a,—a,. 
From the integral 


f aie sities aii ittian Hita 


(1--a,—e-++8), (l1—c—s) Jexp(is ds, (14) 


—ia 

where there are NV + 1 of the a parameters and 2N — 1 of the c parameters, 

and re[2N—4+(2N—1)a,—2 Sc] > 0, 

we deduce (3) (13), which expresses a 9y_,H,y_,[1] series, well-poised in 

a,, in terms of N other .y_,H,y_,[1] series, well-poised in 2a,—ay. 
Finally, from the integral 


[ oes (1+a,—a+s), (l—a—s), ~~" expl2ais) ds, (15) 
J (1-+-a,—c-+8), (l—c—s) 
with the same numbers of parameters, provided that 

re[2N —3+(2N—1)a,—2 > c] > 9, 


we deduce (3) (14), which expresses a 5y_,H,y_,{—1] series well-poised 
in a,, in terms of N other ,y_,H,y_,| —1] series, well-poised in 2a,—a,. 














ern 
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In particular, putting N = 3, a, = a, ag = c, = 1+ ha, a, = c, = B, 
a, = Cz = ¢, in the integral (14) above, we have the integral 
io ra+s,1+4a+s,b+s8,c+8,1+8, 
r 1—a—s, 1—}a—s, b—a—s,c—a—s, —s |exp(mis) ds (16) 
? 1+a—d-+s, 1+a—e-+s, 1—d—s, l—e—s 
which leads in the same way, to the summation theorem for the well- 
poised bilateral ,H,(1) series with special first parameter, given originally 
by Dougall. 


7. Basic notation 
Next I shall consider the analogues of these results for basic series. 
Using F. H. Jackson’s notation, we write, 
[a], = (1—g")(1—g*9)(1—q"*)...(1— gr"), 
[ao = 1, [a}-n = (—1)rginnsD/gemf1—ay 
and also 
u®araly'y sani dy; » -| = Ss sel nel Ong |p 97" 
b,, bg,..-, Oag-a; a, (Oy Jnl Oe )n--[Onr—a Inf Ln 
This will be contracted, as before, to 
Similarly, oie teaiieiiiliel 


a A> gerry a (1—q™* of \(l1—q” sags (1—qtat") 
IT, 1> M 
b. Q>° “| it: —q" t wy (1 —q's* hes 1 —q?x+") 





and this will be contracted to II,{(a);(b)], where the number of each 
kind of parameter will be stated, when necessary; I] will be written 
for IT, 


8. The general basic theorem 
We consider first an integral which leads to the general basic theorem 
(2) (4.2). Suppose that a, b, c,d, e, and x are complex numbers such that 
none of the members of the sequences 
—a—n, —b—n, l—e-+n,andn, for n = 0, 1, 2...., 
coincide. 
Let 


Rants ore aan satay 


a+s, 1—e—s,b+8, —s 
where 0 <q < 1,q=e,t> 0. Then 


grt — ea +8 














9 
_ 
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and has the period 27i/t. Hence 1/II[a-+-s] has poles at all the points 


8 = —a+n+2kni/t, 
in the s-plane. 
We consider the integral 


2mily = t [ Py(s) ds, 
taken, in a clockwise direction, round the rectangular contour 
A(—in/t) B(ia/t) C(2N +iz/t) D(2N —iz]t), 
for large enough N. AB is indented, if necessary, to ensure that all the 
points in the increasing sequences 
l—e+nandn, forn = 0,1, 2...., 
lie to the right of AB, and those in the decreasing sequences 
—a—n and —b—n, forn = 0,1, 2,..., 
lie to the left of AB. 
Now, by the periodicity of P,(s), 


[ Py(s) ds+ | Pols) ds = 0, 


BC DA 
and, on CD, s = 2N-+ir, where “—s r <_/t. Hence, 
in/|t 
2rily —t [ P 8) ds = fT (2N —ir)—P,(2N +ir)] dr. 
—init 
‘ , 2N+ir,b—2N—ir 
Now, if Pag’* , 
iia N nafs 








then 
\P| <Tly ee —re(b)+2N+-7i/t gre-an: 
“{Lre(c)+-2N, —re(d)+2N 
that is, |P| = O(qree-OY), 
Accordingly 
im/|t nit 
2rily—t | P,(s) ds| < O(gh*e@)t ar — O(ghte@)), 
—injt 0 
which +> 0, as N > o, if re(xz) > 0. Hence 
in/t 


— t | Tl appli l—x—c+e-++8, ites, ee 
2m a+s, l1—e—s,b+s, —s 
—init (17) 
as N + oo for q real, 0 < q < 1, under the above condition. But P,(s) 
has residues at all the points which fall within the strip ABCD in the 
s-plane: that is, 
at l—e+nandn forn = 0,1, 2...., 





ne 
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or at l—e-+n+ 27iK/t and n+ 27iK/t, for some integer K, if the original 
points do not fall within this strip. Of each set of poles, only one can 
occur in any one strip. 

From this we have 
ona — oe eo mei N rn 
ly = My, renee ‘| - Lalnl?Inleln "Fy + O(ng)]-+ 
! [Ula dnl edn 
4M, Bis 1+d—e, 2—z—c,x+c—1 o 
“{1+a—e, 1+b—e,e—1,1 





a,1—e,b,1 
n=0 


_ x [1+a—e],[1+b—e],[1+ce—e], g™ ’ 
“Ly [Eft +d—e)n[2—e]n [1+ O(nq*)]. 


When N -> ©, using Tannery’s theorem, we find 
1—c,d, 1—x—c+e,x+c—e a,b,c; 

I= fl 3?,| 7° 21+ 
a,1—e,b,1 d,e; 


e—c, 1+d—e, 2—x—c,x4+c—1 1+a—e,1+6—e,1+c—e; 
+1 32 x}. 
14+d—e, 2—e; 





n=0 


1+a—e, 1+b—e,e—1,1 

(18) 

Also, by considering the poles of P,(s) in a similar strip to the left of AB, 

we have 

a (; +a—c,d—a, l1—x—a—c+e,x+c+a—e " 
b—a, 1-++a—e,a, 1 


[l+a—d, 1+-a—e, a; 


y—z 
1+a—b,1+a—c; 


+ 


X 3Ve 








+a similar expression with a and 6 interchanged, (19) 


where y = 1+d+e—a—b—c, and re(y) > 0. By analytic continuation, 
these results (18) and (19) will hold now for |g| < 1. The basic result 
follows when we equate (18) and (19), under the conditions 

re(y) > re(x) > 0. 
If we write a for g*, 6 for q”, c for ¢°, d for q“, e for g°, and x for q*, then 
the above conditions become 


lq| <1, \de/abe| < |x| <1, 


and we have (2) (4.2) in the case M = N = 1. Whent— 0, theng > 1, 
and (18) and (19) reduce formally to (1) and (2) with M = N = 1. Thus, 
(18) and (19) are exact basic analogues of (1) and (2). 
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Further, by considering the integral 


Qril, = t | II p(s) ds, (20) 


where II,,(s) = Mel aa —8), (b+8), ate 


(a+s), (1—B— 8), a 

= > (A—B), 
and there are /-+-1 of the a parameters, M of the 6 parameters, and N 
of the A and B parameters, taken round the same two strip contours, 
we can prove the basic theorem in the general case. For 


in/t 








2riIp—t | p(s) ds| = O[g?™], to the right of AB, 
—init 
and 
in/t 
| oniT>—t | II p(s) ds} = O[g? *8-], to the left of AB, 
+ —init 
. where B = > (b+ B—a—A). 
Thus, if re(8) > re(x) > 0, 


Jp exists and tends to I as P + «, where 


in/t 
a ij (1—A—-s), (b6+8), l—x—a+8,2+a—8 ‘ 
nil = t | oo ae | a. (21) 


—init 
From a consideration of the residues of the integrand within the same 
strip, (+2P—in/t, im/t, —in/t, +2P-+im/t), we deduce 


,(1+6—B,),2—x—a—B,,x+a—1+B, 

‘g" oven B,), (B,—B)’,2B,—1, 1 |x 
(1+a—B,), (1+A—B,); 

Xaevn®uen| at 5B) (1+ B—B,): | 


_ <= (1+a,—A), (b—a,), 1—x—a—a,,x+a+a, 
2 —.. . B),a,,1 * 
(1+a,— b), (1+a,— ), a,; p— x], (22) 
ain —a), “ele om 
where a= >} (A—B), and =1+)> nea 


X wen Papin 














(20) 


d NV 


urs, 


ne 
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When the notation is changed; that is, when a, is written for g“, and so 
on, this becomes the general basic theorem (2) (4.3), and the convergence 


conditions become 


2|<1, and = |qb)...by),.y/@,...€j74n41,2| <1. 
1°99 +/+ Ay ened 


9. Well-poised basic integrals 
There are four integrals which lead, by similar methods, to the general 
relations (2) (7.2), (7.3), (7.4), and (7.5) between well-poised basic series. 
Of these integrals, the first is 
int T(1—A—-s), (l+a,—A+8), 1+}a,+8, 1—}a,—s, 
I 1+4a,+8+-7i/t, 1—}fa,—s+7i/t |7" ds, 
: (a+8), (a—a,—8) 


im/t 


(23) 
where there are M + 1 of thea parameters, and M—1 ofthe A parameters. 
If in this integral, we put 2M-+-1 for 2M, and A,, = $+-4a,, we obtain 
the integral for (2) (7.3). Similarly, putting M-+-1 for M, and 
Ay = $+}, 
we obtain the integral for (2) (7.4), and finally, putting 2M-+-1 for 
2M, we obtain the integral for (2) (7.5). 


10. Basic bilateral integrals 


In the same way, from the integral 


itr/t 
‘ 1—c—s), (6+8), 1—x—a+8, ae 
n|{(i—e—4) (6+8), 1—z—a+s8,2-+a—8] 9, (24) 
(a+), (1—a—s),1+s, —s 
—init 
where a= z (c—a), 


and there are M each of the a, b,c parameters, by considering the residues 
of the integral, taken round similar strip contours, we can deduce the 
general transformation for basic bilateral series (3) (4). 
Finally, from the integral 
init r(1—b—s), (1+a,—b+s), 1+ 4a,—s, 1—}a,+8, 
I] 1+ }a,+8+-7i/t, 1—}a,—s+27i/t |q° ds, 
init (a+s8), (l—a—s), (l+a,—a-+8), (a—a,—8) 
(25) 
where there are /-+-1 of the a parameters and M of the b parameters; 
and from three similar integrals, we can deduce the four corresponding 


transformations (3) (7), (8), and (9), for bilateral well-poised basic series 


of any order. 
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INTEGRABILITY OF TRIGONOMETRIC SERIES 
(ITI) 
By R. P. BOAS, Jr. (Evanston, Ill.) 
[Received 15 October 1951] 


THIS note is mainly concerned with some integrability properties of 
trigonometric series with monotonic coefficients. They were suggested 
by the following two theorems about sine series and sine transforms 
which were proved by Zygmund (Theorem A for y = 1) and by Sz.-Nagy 
in the general case (4). 


THEOREM A. I[f f(x) is decreasing and bounded below in (0, 7), x f(x) € L, 
and b,, are the Fourier sine coefficients of f(x), then, for0 << y < 1,3 n-”\b,,| 
converges if and only if xY—1f(x) € L. 


THEOREM B. /f f(x) | 0 in (0,00), x f(x) € L on every finite interval, and 
b(x) is the Fourier sine transform of f(x), then, for 0 < y < 1, x~7\b(x)| 
nye to L(0,1) or L(1, 0) if and only if x”-1f(x) belongs respectively to 
L(1,0) or L(0, 1). 


There are corresponding theorems for cosine series and transforms, 
differing secre in detail; the most a0 difference is the replace- 
ment of f(x) € L by f(x)log 2 € L when y = 1. 

Since Theorem B can be read backwards as a theorem about f(x) instead 
of about b(x), it suggests a companion to Theorem A in which am coeffi- 
cients are monotonic instead of the function. The main purpose of the 
present note is to prove such a theorem and the corresponding theorem 
for cosine series. These in turn suggest a theorem about the absolute 
convergence of a class of sine series with positive coefficients. 


THEOREM 1. Jf f,, | 0 and b(x => h sinna, then, for 0 <y <1, 


Yb(x) € L if and only if ¥ nv- iy manna 


This is a precise analogue of Theorem A except that it is still true for 
y = 0, where Theorem A obviously breaks down; the truth of Theorem 1 
for y = 0 suggests, however, that something of Theorem A should 
survive for y = 0, and I give a result in this direction in Theorem 4 below. 
The case y = 0 of Theorem 1 is in fact a theorem due to W. H. Young: 
If f,, | 0, b(a) € L if and only if ¥ n-f,, < o0 [(2) 33; (5) 108]. 

The case y = 1 of Theorem | is: Jf f,, | 0, b(x)/x € L if and only if 
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>f, < «©. The second part is a corollary of known results, since, if 
b(a)/x € L, the conjugate Fourier series > f,, cos nx converges at x = 0 
[(2) 48], ie. } f,, converges. 

For cosine series, we have to separate the cases 0 << y < landy = 1. 


THeorREM 2. Jf f, | 0 and a(x) = > f, cosnzx, then, for 0 << y <1, 
n=1 
a-va(x) € L if and only if > n’-*f,, converges. 


For y = 1, it is first of all necessary to relax the monotonic condition 
since, if f, | 0 and a(x) ¥ 0, a(0) # 0 and a(x)/x cannot be integrable. 
We then have the following theorem. 


THEOREM 3. If f,, | 0 for large n, > f,, converges, 


ny 
a(x) = fy + > Sn cosnx, and a(0) = 0, 
n= 


then a(x)/x € L if and only if > f, logn < o. 

The limiting case y = 0 of Theorem 2 should involve a necessary and 
sufficient condition for a(x) to be integrable when /,, | 0; the sufficient 
condition > f,,/n < oo is not necessary, and the problem of finding a 
necessary and sufficient condition appears to be difficult. 

The final result is a partial extension of Theorem A to the case y = 0; 
cf. the case y = 1 of Theorem 1. 


THEOREM 4. If the Fourier series f(x) = > b, sinnx does not change 
sign in a right-hand neighbourhood of 0, and if b,, > 0, then > b,, con- 
verges if and only if f(x)/x € L. 

To clarify the role of the hypotheses we note that, if f(7) decreases 
throughout (0,27), b, > 0; but then f(x) cannot be continuous every- 
where; so the assumption that f(x) is locally monotonic and b,, > 0 would 
be a natural one; we actually assume a little less. Furthermore, the 
condition f (x)/2 € Lis (under our hypotheses) weaker than the condition 
that f’(x)logx is integrable at 0, which by itself is less restrictive than 
Zygmund’s condition [(5) 138] f’ log+|f’| € L for absolute convergence; 
of course we have the strong additional hypothesis b,, > 0. 

I shall actually prove somewhat more than Theorems 1, 2, and 3, by 
using only part of the hypotheses for each half of the theorems. We need 
the following simple lemma. 


Lemma. [f0 <y < 1,f, | 0and > f,,n’- converges, then 


> lfn-1 Fn l2” (1) 


converges. 








ion 
ble. 


): 


ye 
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This follows, by partial summation, as soon as we observe that, since 
ny—1f, | Oand > f,, nY-1 converges, nvf, > 0. 

[ first show that, if (1) converges and f,, > 0, then 2~7b(x) € L(0, 7); 
this will prove the ‘if’ part of Theorem 1 for 0 < y < 1. Weare actually 
concerned only with a neighbourhood of 0, since 6(x) is continuous except 
perhaps at 0 [(5) 3]. 

Write c(x) = 1—cosx. Then by partial summation 


(x) sinx a fnaale{(n+ 2)a}—e(n2) | 


—fe cla + 20S n-1 Sasado(mx)). 


sin x | 


Since x~%c( jx)/sinx (j = 1, 2) is integrable and sinz ~ x as x - 0, it is 
enough to show the existence of 


7 
}2 = > } A "eer n+1 c(nx) dx 
0 wes r 
x : 
oi z Sn-1—Fn+1| x-¥—-te(nx) dx 
n=3 J 
0 
nt 


x 
— b 3 | & ~j —Jf, + nr x~-¥—le(x) dx 
n=3 0 


oO 


| x-v-1(1— cos 2) dz, 





" 

<2. Saa—Iou nF | 
0 

and the last expression is finite. 

It is of interest to note that, when y = 1, we also have b(x)/(7m—ax) € L 
in a neighbourhood of z (for y < 1 the corresponding fact is, of course, 
trivial). For ‘ 

b(xn—x) = > (—1)"*1f, sin nz, 


n=1 
and the series (1) is the same for b(7—2) as for b(x). 

We prove the other half of Theorem 1 by proving more generally that, 
iff, > Vand x-vb(x) € L(0,7),0 << y < 1, then} f, n¥-1 < o0. This part 
of Theorem | is thus really a theorem about Fourier series with positive, 
rather than monotonic, coefficients. 

We have b(x) ec L and 


wT 7 
n m hd m 
7 2" ny-*f 2 ny-1 | 6 b(x)sin nx dx = : | b(x)( > nY-sin nat} dx. 
n=1 
0 0 


(2) 
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Now, if 0 < y < 1 and we write q = [1/2], we have 





m 
i> n¥—'sin na] < . D3 i+ 2 
n=1 'n=q+1 
Pp . 
< n¥-1+qy-l max | > sin ne| 
m>p>aq'n=q+1 
in(p-+4)x—sin(g+4)e 





< P3 nY¥-1-qy-1 max 


m>p>q 








2 sin $a 
—— < Az, 
where A depends only on y. If y = 1, the same estimate follows from 


| cos 42— cos(m x 
> sinne| = 5 (m+) 


~ < A/z. 
2sin da 4 











Thus the last integral in (2) is at most 
A [ x-”|b(a)| da, 
0 


and so > nY-1f,, converges. 
The proof of Theorem 2 is similar to that of Theorem 1, and I give it 
in condensed form. First, iff, > 0 and (1) converges, 0 < y < 1, wehave 


ta(x) = —— sin(n-+-2)a—sin nz 
da(x) = —_— re 2, fl +2) 
. . <A 
= Sagl —fesine+f,sin 22+ > (fn—-1—Fnai) sin nz. 
w nT 
Since | x-’—|sin na| da = ny | x-Y—\sin u| du = O(n”), 
0 0 


it follows that a(x)x-” € L. 
On the other hand, iff, > 0 and a-va(x) € L, then a(x) e L and 





m 
da Z ny-1f, = - >. nY- ‘| a(x)cos nx dx = { a(@)| 2,1” "cos na dx. 
n= 
: (3) 
But, with q = [1/2], 
, m l qa | 
> n¥~teos na) < | zit | 
n=1 n=1 n=q+1 
4 sin(p+4)e 
< > n’-!+q7-1 max |———— 
<2, v9 m>p>q| 2sin $a 








< Ag? 


Thus the last integral in (3) is bounded and > ny-1f,, converges. 





ym 
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I now prove Theorem 3. If > f, converges and a(0) = 0, let g,, = > Sees 
k 


r=n 


so that Ag, =f, andg, | 0. By partial summation we have 


a(x) = 2 Ii oo(n—1}2—cos nx | 


oc 
= 2) g, sin(n—4)xsin $x 
n=2 


co 


=e > g,, Sin nx sin x— 2 s J», COS nx sin? $x. 

n=2 n=2 
If > f, logn = > |Ag,,|logn < oo, then ¥ 9, sinnx and > g, cos nx are 
integrable (3), and so a(x)/x € L. 

On the other hand, by partial summation > g,, cos nx is at worst O(1/x) 
as x > 0, and so > g,, cos na sin $x is certainly integrable; hence, if a(x)/x 
is integrable, so is > g,, sinna, and, since g, | 0, this is true if and only if 
> Ag,,.logn converges [(5) 112], i.e. if ¥ f,, log converges. 


Finally I prove Theorem 4. If > b,, converges, the integral J xlf(x) dx 
-+0 
exists (1), but f(a) has a fixed sign near 0, and so z—1f(x) € L. Inthe other 
direction, x—1f(x) ¢ L implies the convergence of the conjugate Fourier 
series > b,, cosna at x = 0, i.e. the convergence of > b,, [(2) 48]. 
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SOME INTEGRAL REPRESENTATIONS OF AN 
ANALYTIC FUNCTION 


By F. B. PIDDUCK (Keswick) 
[Received 18 October 1951] 


Let A, B be two circles of radii a, b in the complex plane with the origin 
as centre, where a > b. Let f(z) be a single-valued function of z, analytic 
between A and Band containing no constant term in Laurent’s expansion 
in direct and inverse powers of z. Write f(z) = f,(z)+,(1/z), where f,(z) 

is analytic inside A and f,(1/z) outside B. Let 4(u) be a function of a st 
or complex variable uw, and ®(z) a function of z ah that 


| $(u)D(uz) du = — when |z| < 1, (1) 


p 
®(z) being analytic for all values of w included in the integral. Then 


inside A 
| a: sia Sil D(uz/t) oni Mathie 


If f,(z) is iin by f(z) in the integral, the added terms contain inverse 
powers of ¢ higher than the first and paren nothing to the integral. 
Similar considerations apply to f,(1/z), using the variable 1/z. If there is 
a constant term c, in Laurent’s expansion, we can only matin fo(1/t) in 
its integral by f(t)—cy. By addition we have for any function analytic 
in the annulus 


fe u) a hae — “ 2 heii ut/z) d i a Zi t) dt 


= 2mif(z). (2) 
If O(z) is an integral function of z, A can be replaced by any closed circuit 
C circulating positively in the annulus, and 





Qn f(z) - | ¥ d(u )au | (t)[ B(uz/t) I aa ]dt si (3) 





at all points within the aia 

Equation (3) can be applied in one case to discontinuous functions of 
a real variable, such as f(z) may be on A or B. Writing the equation in 
the form f(z) = Q(t), let Q be a real operator, by which we mean one 
that converts the real and imaginary parts of f(t) into the real and 
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imaginary parts of f(z). Take f(z) = ¢(z)log(zy)—z), where ¢(z) is analytic 
in a larger region than that considered. Take C to be a circle of radius 
just less than |z,|, and the point z just inside C. Let (z) have the value 1 
at the point P where Oz, meets C. Then the imaginary part of f(z) changes 
by nearly iz when z passes P, and its value at P is }{f(z+0)+-/(z—0)}, 
where z-+-0 are points indefinitely near to P on either side. Functions 
that become infinite in various degrees, while remaining integrable, are 
illustrated by the real part of (z)(zgp—z)-“, where 0 < p < 1; while 
b(z)(Zp—z)log(z)—z) illustrates functions with a discontinuous derivate. 

Equation (1) has a solution 


d(u) = exp(—wu), @(z) = expz, 


when p = Oandq = o0-+-%c, where cis real. Let A, B be cut at the polar 
angle 7, and the ends joined by two radii L, M at polar angles —7+-0 
and z—0, so that f(z) is analytic in the curvilinear rectangle bounded by 
A, L, B, M. Change the variables from u to nu and from z to exp(iz/n), 
where » is real and positive. Writing c for c/n and f(z) for f{exp(iz/n)}, 
we have 

a r ic 

2nf(z) = | du | f(i)lexp(nu[exp{i(z—t/n)}—1])+ 
0 
pnntediialtieitiles n)}—1)})|| dt—n- [ f(t) dt. (4) 
C 

Here A, B are segments of the lines y = —nloga, y = —nlogb, and 
L, M segments of the lines x = +-nz. Since L, M correspond to the same 
line in the original annulus, f(z) must have equal values at points of equal 
ordinate on L and M, and C must begin and end at two such points. If we 
change the variables in (3) to inu and z‘/”, where z’" = 1 when z = 1, we 
have in a similar notation 


dt 
2rif(z) = f du [fo (exp[ina{(z/t)"—1}]+exp[inu{(t/2)"—1}]) + 


+; (4* (5) 
n t 
é 


where A, B are segments of straight lines through the origin making 
angles —nloga, —n log b with the real axis, and L, M segments of circles 
of radii exp(—nz), exp 7 with the origin as centre. In general f(z) must 
have equal values at points of Z and M of equal radius, and C must begin 


and end at two such points. 
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If f(x) vanishes at infinity and | f(x) dx is finite, equation (4) reduces 


to Fourier’s integral theorem when n— oo. The first exponential in (5) 
tends to (t/z)", where z“ = 1 when z = 1. The second exponential tends 
to (z/t)“. Write —wu for uw in the second integral, in which we need not 
use the same c. Thus, if f(z) is analytic in the space between two straight 
lines A, B through O, and satisfies certain other conditions, 


d+ia 
2ni f(z) = | sn | f(t dt, 
2 


c—iw 


where C is a straight line extending from O to infinity in the sector. 
Q is a real operator if z and ¢ are real and c = d. The condition that the 
last term of (5) shall tend to zero when n — oo is satisfied most easily by 


making ( f(x) dx/x finite. If we put a logarithmic singularity z, of polar 
0 


angle 7 just outside the contour C of equation (3), we can relax the 
restriction that f(z) shall have equal values at the points where C meets 
Land M. Thus f(x) need not be zero at the origin in this proof of Mellin’s 
theorem; and similarly f’(«) need not be zero. 


1 — 
— = 


n 


If O(z) = > 4,2", [ (ey dw (6) 


from equation (1). In particular, if 
p=9, q=o, and ¢(u) = u*'exp(—u), 
where a > 0, O(z) = ,F,(1;a;z)/T'(a). When w is large, 
$(u)D(uz) = exp{—(1—z)u}. 


The integral (1) converges when R(z) < 1. In this case, therefore, |z/t! 
need not be less than 1 in the first integral of equation (3), if only 
R(z/t) < 1. Thus, if we draw Borel’s polygon for the singularities of f(z) 
outside A, and circles on OQ as diameter for the singularities Q inside B, 
(3) holds for all points between the polygon and the circles. If p = 0, 
q > 0, and ¢(u) = u*-(1—u/q)8-! in that range, where a and f are 


positive, P(a+B)eF(1, «+; «3 2/9) 
O(z) — —'% 2fy\41,%1TP, %,2/g 7 
pi eT (a)T(B) as 


when |z| < 1, reducing to the above when B = q+ 1 and q-> oo. Other- 
wise ®(z) is not an integral function of z, and equation (2) must be used 
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instead of (3). If p = 0 and q = oo, another solution is 


i @) 





‘ a—1l i” 2)i= oo 
d(u) u K,(u), D(z) — De: a—2rn (Ly +-4v+4n) TP'(4a—4v+ $n) 
(a >v > 0). 


Let C be a closed curve passing through the point z and through no 
singularity of f(z), and H an mar defined by the equation 





Hy) = +p [f08. (8) 
m J t—z 
é 

where P denotes the principal value of the integral; that is, a length « 
is removed from C on either side of z, and « made indefinitely small. Let 
the only singularities of f(z) inside C be poles (of any order) at a finite 
number of points z,, the principal part of f(z) in the vicinity being 
> a,/(z—z,)". If 


n 


a a Gani 








nN - “no ! Gan _ 
z = Sno Sat tt 
(t—z)(t—z,)" t—2 ° t—z, (t—z,)”” 
we find easily that a,, = —a,, = 4,/(z—z,)". Thus, if z is at first 
outside ( s 
| a, at/(t—z)(t—z,)" = —2mia,/(z—z,)" 


C 
for each pole inside C, and is zero for each pole outside C. That is, if the 
sum ie principal parts of f(z) at the poles inside C is denoted by f,(z) 
| f(t) dt/(t—z) = —2zif.(z). Completing the C of equation (8) by a 


small semicircle inside the broken contour, we have 


Hf(z)—f(2) = —2f.(2), 


ie. Hf(z) = flz)—2f,2). (9) 
Hf.(z) is equal to —f,(z), so that 
Hf(z) = fiz). (10) 


If H? is a real operator, and the real or imaginary part of f(z) is dis- 
continuous at a point z, the right-hand side of (10) is replaced by 
4{ f(z+-0)+f(z—0)}, where z+0 and z—0 are indefinitely near to z on 
either side. Let f(z), for example, be log{(z+a)/(z—a)}, where a is real. 
Then C may be taken to be a line parallel to the real axis through the 
point z, completed at infinity by a large semicircle on the same side as z. 
The integral round the semicircle is zero. Thus Hf(z) = H?f(z) = f(z); 
and the smaller the imaginary part of z, the more quickly the imaginary 
part of f(z) changes near « = +a, the imaginary parts of H?f(z) at 
x = +a being those of }{f(~+0)+/(~—0)}. 
3695.2.3 Q 
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As an example of equation (9), take C to be a circle of radius |z| with 
the origin as centre. Write ¢ = zexp(—i0) when —z < 6 < 0 and 
zexp 70 when 0 < 6 < z. Thus, if f(z) has only poles inside the contour 
and none on it, 


r fizexp(—i6)} — f(zexp 70) vi ror 
ia 1—expi0 + al dO = ai f(2)—2f,(2)} 





If A and B are two circuits of which A encloses B, 


ftjdt a baal S(t) dt dt 
t(1—t/z) me 
B | 


so that, if the point z lies between A and B, 


f(t) dt f(t) dt _ ot 
iat | ia eo ie = 2aif{f(2)—fip(2)}, (11) 


where f(z) is the sum of the principal parts of f(z) at its singularities 
between A B, supposed all poles. Equation (2) follows if f(z) has no 
singularities in the annulus. 

It is sometimes helpful to regard a singularity as a centre of force. 
Let a uniformly electrified line, of charge e per unit length, cut the 
complex plane at right angles at a point ¢. If we call ‘electric intensity’ 
what is really its conjugate complex, the intensity at a point z is propor- 
tional to e/(t—z). Ife is complex and the factor of proportionality 1/277, 
we have a function with a simple pole. A pole of higher order is an aggre- 
gate of charges indefinitely close together, of which the residue is the 
total charge. The idea of clustered charges is fundamental in Kelvin’s 
theory of spherical harmonics. The integral 


lp siae 
2a t—z 
é 














A 





in which f(t) need not be analytic nor C closed, is the electric intensity 
of a charged cylinder (not in general a conductor) cutting the complex 
plane in C, and f(t) may be thought of with a certain licence as a surface 
density. There is a discontinuity of }{f(¢+0)-+f(t—0)} when the point z 
crosses C’, superposed on an infinity if f(t) is discontinuous. 

Mr. D. 8. Jones has given me much help in discussing the subject of 
this paper, and by references to the literature. 
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Ill. THE PROBLEM OF GEOCZE 
By E. R. REIFENBERG (Cambridge) 
[Received 25 October 1951] 


1. THRovuGHOUT this paper I shall use the notation and results of my 
two previous papers under the same general title (1), (2). Suppose that 
S is a parametric surface and that’ A is the class of sequences {S,,} of 
polyhedra inscribed in S with their boundaries inscribed in the boundary 
of S, and tending to S in the sense of Frechet. I then define L,(S) by 
L,(S) = inflim A?S,. (1) 
. or es 

The problem of this paper is to show thatt 

L,(S) = LS). (2) 
For simplicity of exposition I shall prove the result for surfaces homeo- 
morphic to a disk: the general result will follow at once from cyclic 
element theory. Since in any case 

L(S) < L,(S), (3) 
I shall suppose that L(S) < oo. 

Lemma 1. Jf S(P,,8) (¢ = 1, 2,...) 1s any set of spheres, of radius 5, such 
that every sphere of the set meets S(P,,5) and 

P,P, >38 fori -), (4) 
then there will be at most 729 spheres in the set. 

The spheres S(P;,}5) are disjoint and contained in S(P,,%3), from 
which the result follows. 

Lemma 2. Any set of spheres S(P,,5) of radius 8 such that P,P, > 38 for 
i 4 j can be divided into 730 subsets of disjoint spheres. 

The proof is identical with that of Lemma 1 of (3). 

{ This is the problem of Geocze. I find that shortly after I wrote this paper 
L. Césari published [*‘Sul Problema di Geocze’, Rivista Mat. Univ. Parma, 1 (1950), 
207-27] a solution in the following form: For any surface S there exists a repre- 
sentation S = ¢(H) such that there exists a sequence y, of functions quasi-linear 
on H, where ¢, >¢ on H and A%%,(H) > L(S) while the polyhedra %,(H) are 
inscribed in S; in Césari’s solution, however, the boundaries of the polyhedra 
y,(H) are not required to be inscribed in that of S. L. Césari’s proof is of a 
completely different nature from my own. 

Quart. J. Math. Oxford (2), 3 (1952), 227-34 
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2. Take « > 0. Suppose 7' to be the set of points (P, Q) of S® such 
that for some r as small as we pleaset 


LK ( te r) > mr?(1—e) (5) 

and Adl(Q,r) < 2ar(1+e). (6) 
Then, by Lemma 16 and csi 1 of (2), 

A?T = L(S8). (7) 


A disjoint subset U of the spheres S(P,r), where P = ¢(Q) and (5) and 
(6) are satisfied, will cover A? almost all of |7'| by Vitali’s general cover- 
ing principle. Then, provided that all the r are small, 


do 5 (2r)* > 2A4|7' (8) 

and hence, by (5), ¥ LdK(Q,r) > $A?|7). (9) 
- 

The curves ¢/(Q,7) lie on disjoint spheres, and hence any two of the 


domains K(Q,7) are either disjoint or one contains the other. Hence we 
can select a finite disjoint subset =,, of the domains K(Q,7r) of U, such 


that ¥ L4K(Q,r) > 4A271. (10) 
By applying the same argument to 
Pr > $K(Q, r), 


which is a finitely connected Jordan domain on S®, we shall obtain a 
finite disjoint set E, of domains K(Q,r) contained in H°— > K(Q,r) and 





ates ¥ LK (Q,r) > 4A*|7— ¥4KQ,7)] (11) 
and hence, by (6), 

2 LAK, )> gAM/T— ¢ SKC r)|. (12) 

Similarly we can construct =, so that 
¥ LAK(Q,r) > 2A*|7— SY 4K(Q,"). (13) 
Since all the domains of 5 =, are disjoint and L(S) < 00, we have that 
> L¢K(Q,r) +0 asn—>o, (14) 
so that AT . > K(Q,r)| = 0: (15) 





+ dK(Q, r) is the smallest simply-connected Jordan domain on S containing 
(P,Q) whose boundary lies on the sphere S(P, 7); ¢l(Q, 7) is the boundary of 


K(Q, 7) 
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ee 2} ‘ 4 A 
that is A \T— 2 2 dK (Q, r)| = @, (16) 


Thus, by (7) and Theorem 6 of (1), 


x 


>, & L4K(Q,r) = 1(8). (17) 


k 
We may therefore select a finite set = of domains K(Q,1r) such that 


€ 


————.., 18 
25,000 9} 


Lo|H— 3 K(Q,)| < 


H°— ¥ K(Q,r) is a finitely connected Jordan domain. Write 


Da 


R’ = H— ¥ K(Qr) 


and let y be the boundary of R’. Then y consists of the boundary of H 
and the curves 1(Q,7) of &. 

3. The next stage in the proof consists of constructing a finite set T 
of non-overlapping simply-connectea Jordan domains G(i) c R’ such that, 
if g(i) is the part of the boundary of G(i) contained in R’, then g(7) is 


connected and 


y Hi) = R’ (19) 
while > tAdg(i)}{d(gg(@))} < 2<. (20) 
- 


Suppose that R” is a domain congruent and coincident with R and that 
R’ and R” are joined at their boundary to form a single set R. A point 
of R’ and a point of R” can only be joined by an arc via the common 
boundary y. A point 2’ of R’ and a point x” of R” are said to correspond 
if x’ and x” are coincident when regarded as points of the plane. Two 
sets X’c R’ and X”c R” are said to correspond if, when regarded as 
point sets in the plane, they are identical. A set X c R is called self- 
corresponding if XR’ and XR" correspond. It is clear that a self-corre- 
sponding simply-connected domain which meets only one component of y 
will meet it in a connected set if at all. Define ¢, on R so that ¢ = ¢, on 
R’ and ¢,(x’) = ¢,(x") ifx’ and x" correspond. S, = ¢,(R) isa parametric 
surface homeomorphic to R. 


Clearly LS, > 2L¢4(R). (21) 
On the other hand, by taking any polyhedron, approximating to ¢(R) 
twice we see that L(%) < 2L¢4(R), (22) 
so that L(S,) = 2L¢(R). (23) 
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The boundary y consists of a finite number of disjoint simple closed 
Jordan curves on R. Let the minimum distance between any pair of 
them be a,, and the minimum of their diameters a,. Take 7 > 0 and 


suppose that 100m < min(@,, do, €); 


¢, is bicontinuous, since & = ¢(H) is homeomorphic to a disk. Hence 
there exists 8 > 0 such that, if C is any connected set in R such that 

d{p(C)} < 88, then d{C} < ». (24) 
If we have any non-simply connected continuum X in R of diameter less 
than 10y, it will meet at most one of the components of y. If X does not 
meet y, then by the choice of 7 all of y lies in a single component of R—X, 
which we call the exterior complementary domain. If X meets one com- 
ponent of y, then the exterior complementary domain is the component 
of R—X which contains the rest of y. The other components of R—X 
are called interior complementary domains. 

With these definitions the results of (1) and (2) will apply to S, = ¢,(R 
provided that all sets considered are small because S, is locally homeo- 
morphic to a disk. 

If X is any connected set in R, I write y(X) for the set of interior points 
of the simply-connected closed set obtained from X by adding to it its 
interior complementary domains. 

Consider the sphere S(P,h). Let {D,(i, P,h)} be the set of components 
of ¢51S°(P,h), where i runs over a class of suffixes O(P,h). Let 


D(i, P,h) = P{D,(i, P, h)} 
and suppose that l(i,P,h) is the boundary of D(i, P,h). Then, by 
equation (50) of (2),+ 


[ S Adgl(i, P,h) dh < L*8(P,r). (25) 
p OCP.h) 
Let P, be any point on |S)|; take a point P, on |S,| not inside S(P,, 48). 
Then P, is not inside either of S(P,, 35) or S(P, $8) and so on. Since 3 is 
fixed and |8S,| is bounded, this process must terminate. We obtain a set 
U of points P; such that 





> S(P,, 48) > | Spl, (26) 
and, if j FJ’ DyuelF;; P,) > 36. (27) 


+ L* was defined in (2): it is a Carathéodory outer measure on the surface equal 
to the Lebesgue area on any finitely connected Jordan domain. L*S(P, 1) is the 
L* measure of those points of the surface inside or on S(P, r). 














oe 
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By Lemma 2 we can divide the spheres S(P;,5) into 730 subsets of dis- 
joint spheres and so, by (18) and (23), 


1460 € 
L*8(P,,8) < 730L(S,) < ——— ln 28 
~ or . (So) < 25000 * ~ 16 (28) 
For each P, € U there will, by (25), exist 7; such that 
g8 <7, <8 (29) 
— :' _ 2L*S(P,,5 : 
and ecPeny 1 POEs Fin) .——-- ) (30) 


By (28) and (30), 
Ady l(t, P,,7;) < 
jeU O(Pj,r;) $0 ( i) o” be 5 
On the other hand, by (26), 
> > DEB.) =R (32) 
jeU O(Pj,rj) 
and, for j € U andi € O(P,,7;), 
{by l(i, P,,17;)} < 28. (33) 
D(i, P;,7;) is a simply-connected Jordan domain by its construction and 
(31). The domains D(i, P;,7;) may overlap. 
We may omit from > Fy, P,,7;) all those suffixes i such that the domain 


D(i, P,,7;) is ef in some other domain D(i’, P;,7;), where j’ « U 
and i’ € O(P,,7,), without affecting (31)-(33). 
Let {D(i)}, where i runs over a class of suffixes ©, be the components 
- R-> Y Ui,P,7). 
C O(P;,r;) 
Let A(i) be the boundary of D(i), ie @. Since no domain D(i, P,,7;) is 
contained in any other, D(i) will be a simply-connected Jordan domain 


¥ D(i) = R. (34) 
0 
By (31), >. Ado A <Z (35) 


D(i) (i € @) will be contained in some domain D(ig, P,,,7;,), where jy € U 
and i, € O(P,,,7;,). Suppose that A(z) meets l(t, P;,7;), where 7 e U and 
i €O(P,,7;). Then, since D(i, P;,7;) is not contained in D(ig, P;,,7;,), 


l(t, P;,r;) will meet tege P,,,7;,), and hence 


Ai dbo A( < Aldo l(ig, Fie r;,)} + max digo l( , P;, r;)}. 


Hence, by (33), d{hyA(i)} < 68. (36) 
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By (34)-(36), if © were a finite set and no D(i) (i ¢@) were to meet y 
in a disconnected set, then the domains R’D(i) would form a set [ 
satisfying (19) and (20) such as we are trying to construct. As it is, we 
must modify the set of D(i). 

To each i € © there will correspond an 7’ € @ such that D(i) and D(i’) 
correspond. It is possible that « = 7’, in which case D(?) is self-corre- 
sponding. Thisis true in virtue of the symmetry of the above construction 
as between R’ and R’. 

Let ©, be a finite subset of © such that, if 7 €@,, then so does the 


corresponding 7’ and 3 Ady Ali) < 8. (37) 


Let {A(7¢)}, where 7 runs over a class of suffixes ©,, be the components of 
R — > D(i)—y. To each i € @, there will correspond i’ € @, such that 
0 


A(t) and A(t’) correspond. 

Each domain A(z) (¢ € @,) will have a common boundary are with at 
least one domain D(i) (ti € @,); take one such domain and call it the 
domain D(i) associated with A(i). We may suppose that, if A(i) and A(i’) 
correspond, then so will the associated domains.t For any j € Op, let T; 
be the class of i € ©, such that D(j) is associated with A(i). For j € @, let 


D*(j) = [DG) + FAW)’. 
ry 


Clearly, if D(j) and D(j’) correspond, then so will D*(j) and D*(j’); let 
G*(j) = (D*(j)+-D*(7’)). 

G*(j) will consist either of two corresponding simply-connected Jordan 
domains whose boundaries have at most «. single common point or else 
of a single self-corresponding simply-connected Jordan domain. By the 
definition of the operator % and since the comains D*(j) are disjoint if 
ji ~Jjo, then G*(j,) and G*(j,) are either disjoint or one contains the 
other. Remove all those j, € 0, such that G*(j,) is contained in some 
other domain G*(j,) (jg € Oo). Let the remaining set of suffixes be I. 


Write, forj eT, G(j) = R'G*(j). (38) 





Let g(j) be the part of the boundary of G(j) in R’. Since the part of the 
boundary of A(i) (¢ €¢ ©,) contained in R’ is part of > A(t), we have, by 
0 =O, 


(36) and (37), didg(j)} < 88, (39) 


+ The domain associated with A(i) may coincide with that associated with 
A(i’), and in that case it is self-corresponding. 
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and so, by (35), (20) will hold. Also, since G*(j) either meets y in a single 
point or else is self-corresponding, g(j) will be connected, and the con- 
struction of T is bene ane 

4. Take j #j’ € I. Consider g(j)—g(j)g(j’). This will consist of a set 
of open arcs on g(j). These ares will be finite in number, for each such 
are will contain boundary points of a domain of T other than G(j) or G(j’), 
and no domain of I other than these can have boundary points on more 
than one are of g(j)—g(j)g(j’). Let V(j,j’) be the set of end-points of 
such ares plus the end-points of g(j) in the case where G(j) meets y. 

Let V=) Dd Vi.7’). (40) 

jeT FI’ 
Then V is a finite set of points. 

Let P’, P” be two consecutive points of V on G(j), so that one of the 
ares p’p” of g(j) contains no points of V. ae C be this arc. Define ¢* as 
a continuous function on C such that $*(C) is the straight line joining 
¢(P’) and ¢(P”). 

If any curve g(j’) contains points of C, then it will contain the whole 
of C by the definition of V, and so ¢* is independent of 7. We can thus 
define ¢* uniquely on > g(j) 

€ 

*g(j) will be a polygon z(j) whose vertices lie on ¢(R’) except that, 
when ee j) meets y, d*g(j) will be a polygonal arc whose end-points are 
on ¢(y). Suppose that od vertices of 7(j) are P, P,...P,, taken in order, 
and a when Gj) meets y, so that 7(j) is a polygonal are, then P, and 
P,, are its end-points. Let w(j) be the polyhedral surface consisting of 
the triangles P, P,P... (2 <k <n—1). Then, since G(j) is a simply- 
connected Jordan domain, there exists a continuous function ¢¥ defined 
on G(j) and equal to ¢* on g(7) such that 


$F{G(j)} = w()). (41) 
Define ¢* on the whole of R’ by writing ¢* = ¢f on G(j). Since T is a 
finite set, d* is continuous. 
By (39), d{n(j)} < d{pg(j)} < 88. (42) 
Also, by (20), 
A*$*(R) <¥ pAn(jdla(A)} < ¥ BAggK IMI} <e (43) 


T r 
Suppose now that K(Q,r) is a domain of =. Then ¢*1(Q,r) is a polygon 
inscribed in ¢1(Q,r). Let P,...P, be this polygon. Let w(Q,r) be the 
polyhedral surface consisting of the triangles P, PB, P,.., (2 << k < n—1). 
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Then, by (5) and (6), since w(Q,r) may be developed, 


w(Q,r) < (lear? < UT! 146K (Q,"). (44) 





We can define ¢* so that ¢*K(Q,r) = w(Q,r). Then ¢* will be con- 
tinuous on the whole of H, and 4*(#) is a polyhedral surface while, by 
(43) and (44), (te 

ag 


A26*(H) < EE! 18) +. (45) 





On the other hand, 
d{a(j)} < d{m(j)} < d{pg(j)}, 

and dia(Q,r)} < d{d*l(Q,r)} < d{gl(Q,r)}; 
so for any x |\p(x)—d*(x)| < Sineudiage 2) dle’ I} 
where the maximum is taken over all pairs 2, x’ belonging to the same 
G(j) or K(Q,r). But, by (24) and (39), d{G@(j)} < « and we may suppose 
that all the r were chosen so small that d{K(Q,r)} < « also. 

If « is small, we then have by the continuity of ¢ that ¢*(H) is near 
¢(H); and hence from (45) we obtain 


L,(S) < L(8). (46) 
This together with (3) establishes the desired result. 
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AN INTERPOLATORY FUNCTION ANALOGOUS 
TO THE CARDINAL FUNCTION 
By R. C. T. SMITH (Armidale, N.S.W.) 
[Received 7 March 1952] 


IF the series C(z) = —— = — (1) 


7 z—n 





a 
converges for any z not an integer, then it converges uniformly for z in 
any fixed finite region and C(z) is an integral function.t C(z) is known 
as the cardinal function. It is an interpolatory function taking the 
values a,, at ont integers and it has the following important property 
of senting 2 .1,§ If C(z) is defined by the series (1), then under suitable 
conditions on z a»; 
O(2) = sin 7(z—A) S (—1)"C(n+a)_ 
T —n—Aa 
n=—2 
It is perhaps of interest to consider a similar function for interpolation 
at the non-negative integers and we easily see that 


l —1)"b 
oe p 3 ae : (2) 


is an integral function with given values b, at the non-negative integers 








provided that the series converges for some z not an integer. The con- 
vergence theory is a special case of that of (1) if we take a, = 0 for 
i= 1, —2,... in (1). 
[ shall prove the consistency property 
1 =. (—1)"G@(n-+A) 
~ T(—a2+A) ‘ n! (x—n—A) 


= 


G(x) (reA < 0) (3) 





of the function G(z) defined by the series (2) (assumed convergent) for 
either of the two conditions 


— | b,|? 
(a) > - 0 (o> 4); 
— ! 


i 
(b) he -o(r°) (8 5 arbitrary > 0). 


+ J. M. Whittaker, Proce. Edinburgh Math. Soc. (2) 1 (1927), 41-6. 

t J. M. Whittaker, Interpolatory Function Theory (Cambridge, 1935), 68. 

§ W. L. Ferrar, Proc. Roy. Soc. Edinburgh, 47 (1927), 230-42. This paper is 
referred to as ‘Ferrar’ in the sequel. 


Quart. J. Math. Oxford (2), 3 (1952), 235-40 
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I shall also show the connexion between (3) and a series-inversion 
formula due to Linfoot and Shepherd.t Their work gives an example 
showing that (3) does not hold for reA > 0. The method used is similar 
to that of Ferrar and makes use of lemmas proved in his paper. 

We shall need the following two results: 

Lemna 1. ae = O(|z|"e4) as |z| > 00, on the square Cy (N = 1, 

z 

2,...) with corners (N+k)+(N+k)i (0 < k < 1), provided that neither of 
reA—k, reA+k is an integer. 





From the asymptotic formula 
log '(z) = (z—4)log z—z+ } log 27+-0 (1) 
valid for —7+e < argz < 7—e (e constant > 0), we obtain 


I'(z+-A) ZA, 


~~ 


['(z) 





Now |z4| = |z|"e4exp(—argzimA) = O(|z|"eA), 

which proves the lemma for —7+« < argz < m—e. For 
—m S argz< —a+e, w—e < argz <7, 

i.e. for —e < arg(—z) <e, 

we first make use of the functional equation 


T(z) l(1—z) = — 


~~ gin 22? 





[(z+A) sin zz P(1—z) 
to obtain Te) = m(z+A) T(1—z—A)’ 








Lemma III of Ferrar shows that the upper bound of sin 7z/sin m(z+-A) 
on Cy remains finite as N + 00 provided that neither of reA—k, reA+-k 
is an integer. Now 


for —e < arg(—z) < « and combining these two results proves the 
lemma for the values of argz not already considered. 


+ E.H. Linfoot and W. M. Shepherd, Quart. J. Math. (Oxford), 10 (1939), 84-98. 
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LEMMA 2, bl = o(|z|*) on Cy (8 arbitrary > 0) for either of the 
r=0 siititd 
two conditions 


(a) ¥ |a,|\”><a (p> 1); 
r=0 


(b) > —*r_ con vergent for some z, not an integer; 
x, = 0(r®) (8 arbitrary > 0). 
(a) Lemma II of Ferrar shows that in this case 
i. ae | 
z—r 
r=0 
(6) Suppose that z is on the line joining (N+4)+(N-+-4)i and 2, is con- 
tained in the square C,.. For convenience in writing we suppose N to be 
even. (If N isodd 4N should be replaced by its integral part [$V ].) We 
write x N 


ox tN iN = 
Sin Bi St Be Ke 
ew | 2—f 0 4N+1 N+1 3N+1 


For the first term, Abel’s lemma for complex series shows that 












































1 an N tei tN-1), se LN 
> Op | S My, %q—? S Zo Z—r—1 Zy—4N 
| —v z- r| Zy—r 2—9 | z—r z—r—l z—4N 
r=0 r=0 0 2 
tN-1 2—z y 
= H = 0 +12 32 
7 (z—r)(z—r—1) yy 
where H is the upper bound of 
m+p 
- % — 
—r 
m+1 *0 


for unrestricted m, p. Now 


|z—z | < 2V2(N+k), |z—r| >4N+k forr < 3N, 


























| 2—2 2/2(N-+k) 
so that 
o tha io rye |< (N+P ’ 
aN 
2N(N+k) . 2V2(N-+k) 
and = O(1). 
an ae a < Hl IN-Tk? yy INTE O(1) 
Similarly 
|— «@, {~ Z—Zq —n 
. H lim | -?— |} = zi. 
| 2v z—r| ~ | > \(z—r—1) + lim |= z—n } O(1) 
iNF1 iN+1 
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The sums -o » | determine the order of magnitude of the function. 
N+1 N+1 


Consider N 





’ 
2-7 
43N+1 


and let A, be the greatest of |a;y,,|,..., |xy|. Then, since 
|jze—r| > N+k—r, 


N 


I 7 
Ay > Nyko = OAxlog¥). 


t$N+1 


N 
a 
ge 


4N+1 
If «, = o(r°), then Ay = o(N), and Ay log N = o(N®) for 8’ > 8. The 








iN 
sum }> istreated ina similar manner and gives thesame result. Thus for 


NF1 
z on the line joining (V+k)+(N+hk)i 
= am aN , 
> SE = WW) = 0 (2°). 
<a 2 


The remaining portions of Cy, can be treated in a similar way. 
Now consider the sequence of integrals 


{ l f¢ —I(—2z+A)G( 





= 2-3 2) dz (N = Rs am N (4) 
2m z—2 
Cy Cy 
where G(z) is defined by (2), C\, is as in Lemma 1 with reA—k, reA+k 
non-integral. 
The residue at z = 2 is 
—T(—ax+A)G(z) 
provided that x ~ p+ A (pa positive integer or zero), while the residue 
at z= n+Ais (= 1nd) 
n!(n+A—2) © 
Thus the value of the integral (4 ” i 
+k- 





(—1)"G(n+A) (n-+-A) 
—T A)G : 
hii ">" “n! (n+A—2) (5) 
In Lemma | we assume reA < 0 and in Lemma 2 we write a, = ee Vee 
r! 
and take 6’ = —reA. This gives [(—z+A)G(z) = 0(1) on Cy and there- 


fore 
2—2x 
Cy Cy 





ie 











ON AN INTERPOLATORY FUNCTION 239 
as N - 0 uniformly for x in any finite region. From (5) 


ae, (—1)"G(n+2) 
oC) = — ney ba al@ee—l)’ (3) 


provided that x is not of the form p--A (p a positive integer or zero). 
Since the series on the right converges uniformly for x in any finite 
region (in particular at the points x = A, 1+-A,...), itis an integral function, 
and the two sides of (3) must be equal everywhere. The consistency 
property has now been proved. 

I shall change the sign cf A in Linfoot and Shepherd’s results to make 
them agree with the notation of the present paper. Linfoot and Shepherd 
show that the equations 


sinzA < I'(r—A+1)A, 
tT Ze r!(r—n—A) 


> 


have the unique solution 


ean sin 7A >a P'(n+-A+ Yn 








ei 7 !(A+n—r) 
_ Iyallog n 
under the conditions A < 0, b 
If A < —1, there are additional ‘consistency conditions’ on the y,,. 
It is shown that - 
=. 1{IM(r—A+1) 
> = fetes Ble ei, 
r r! 
r=1 . 


This result can be interpreted as a particular case of the consistency 


property. If we define 


bi ae 1 — (—1)G(r) 
enay  i~_ 2 * r!(n+A—r)’ 





then the consistency property shows that 


’ = G(n-+-A) 
G | = 
") oa 2 ai eee ° 
provided that A < 0 and the G(r) satisfy a suitable convergence condition 
e.g. (a) or (b) of Lemma 2 with «, = (—1)’G(r)/r!. If we let 
—T'(—n—A)G(n+A) = y,; I'(—r+A)G(r) = A,, 


and use the functional equation I'(z)I'(l1—z) = wcosec zz, we obtain 
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Linfoot and Shepherd’s formulae. Their convergence condition on the ~ 
y, is equivalent to 


P2 hones n-A-1 logn < OD, 
nN: 
n=1 


and the condition proved on the A, to 
= 1| G(r) 
> jam feos ok 
r| r! 
r=1 


i.e. to absolute convergence of the series defining G(z). 
Linfoot and Shepherd also show that the homogeneous equations 


ise ees. 7 
Pa A+n—r (7) 
r=0 
have solutions with not all «,zeroifA > 0. If we write G(r) = (—1)’r! «,, 
this shows that the consistency property does not hold for A > 0 since 


G(n+dr) = 0 (n=0, 1, 2....), 


l — (—1)"G(n+A) 
G sith aguaiiamsiiteass Se ae 
")F I'(—r-+ A) pS n! (r—n—A) 
It is quite straightforward to verify that the solutions of (7) obtained by 
Linfoot and Shepherd for A > 0 are still solutions if we assume A complex, 


reA > 0. Thus the consistency property cannot hold for reA > 0. 
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